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Engineering Analysis

Differential Equation

1- Differential Equation

A differential equation is an equation involving an unknown function and its derivatives. A

differential equation is an ordinary differential equation (ODE) if the unknown function
depends on only one independent variable. If the unknown function depends on two or more
independent variables, the differential equation is a partial differential equation (PDE).

Order : is the highest derivative in the D.E. Degree : is the highest exponent of an order.

Example: The following are differential equations involving the unknown function y.
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Engineering Analysis First Order Differential Equations 2

2- First Order Differential Equations

Standard form for a First-order differential equation in the unknown function y(x) is:
y'=f(x,y)
First Order Differential Equation Types:

Separable Equations
Homogeneous Equations
Exact Equations

Linear Equations
Bernoulli Equations

iAW e

2.1- Separable Differential Equations

1- Write the equation in the form :
A(x)dx+B(y )dy =0
2- Integrate A(x) with respect to x and B(y) with respect to y to obtain an

equation that relates y and x .

Example 1 : Solve differential equations

(@) y (1+x*)dy =dx (b) dx +xydy +y2dx +ydy =0
1 X dy 3x+2
C) —dx ——dy =0 d) L =e¥*% _4
(© ¢~ @ Y
(e) e*™@dy —e¥ *dx =0 () (y Iny )dx +(1+x2)dy =0 y(0)=e

Solution: (a) y (1+x 2)dy =dx

y(1+x2)dy =dx

dx
dv =
yaoy 1+x2
dx

—ydy =0
1+x? yoy

2

J' ! —dx —Iydy =C -~ tanlx-L -cC < Ans.
1+Xx 2
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Engineering Analysis First Order Differential Equations 3

Solution : (b) dx +xydy +y °dx +ydy =0

Solution : (c) ldx —dey =0
y y

ldx —izdy =0 = ldx :dey = 1dx =L2dy
y y y y X y
ldx —ldy =0
X y
Ildx—fldy =C = Inx —Iny =C
X y
y =Cx < Ans.

Solution : (d) d—y:e3X+2y +4
dx
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Engineering Analysis First Order Differential Equations

Solution : (e) e***dy —e’ *dx =0
e " dy —e’ dx =0

d_y ~ e y —2X

dX ex+2y

d_y _ (y—2x)—(x+2y) — d_y :e(y—Zy)—(x +2x)
dx dx

d_y:e*V*G'Xey = dy =e ¥dx

dx

—dx +e’dy =0

J.—e“dx +Ieydy =C

-3x
+e’ =C

e -3X
3 J

(f) (y Iny )dx +(1+X2)dy =0 y(0)=e
(y Iny)dx +(1+x2)dy =0

y =In {C -
Solution :

1

< Ans.

-1

(y Iny)dx :—(1+x2)dy (1+x2)

1
dy =
(yiny)

1
I(1+x2)dx
y (0)=e
0+In(1)=C =
tan(x )+In(Iny)=

=C =

1
+.[(y IHY)dy
tan™(0)+In(Ine)=C
C=0
0

=

dx =

(v lny)Oly

tan™(x )+In(Iny)=C

< Ans.

H.W 1 : Solve differential equations

2X +y
(a) g_i:i” (b) y1+(y')’ =ky (k is constant )
2
(c) x?y gl=(1+x)cscy (d) xe’dy +1+X dx =0
X

(e) x (2y —3)dx +(1+x2)dy =0
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Engineering Analysis

First Order Differential Equations

2.2- Homogenous Differential Equations

Certain first order differential equations are not of the ‘variable-separable’ type, but

An equation of the form

N (x

can be made separable by changing the variable.

Y)ge=M ()

Where N and M are functions of both X and y of the same degree throughout, is

said to be Homogeneous in y and X.

A first order differential equation is Homogenous if it can be putin the form:
'LF(L] 2)
dx X
or
dx _ F(i} 3
dy y

Let u=i = X =yu
y
de . du
dy dy
dx X
—=F|—|=Flu
(X )-rw)
u+y —"=F(u)
'.di+ du =0
¥y u—F(u)
jdl+ du =C
y u—F(u)
du
=C -1
.[u—F(u) n|y|

Mr. Munther 2019-2020



Engineering Analysis First Order Differential Equations 6

1. Rewrite N(x,y)zi=M (x,y) into the form zi:—ﬂ;((x’y))
X X X,y

2. Make the substitution v =

|

3. Rewrite M(x,y) into the formF{L]zF(v).
N (x,y ) X

4. Solve J.d—vzc —In|x|
v

F(v)

5. Rewrite the solution into the form of xand y (v =¥,
X

Note:
M (x,
If the form of a Homogenous (F-ODE) is di:—(x y) , the steps are:
dy N(x,y)
M
1. Rewrite N (x,y )di=M (x,y) into the form d_xzﬂ
dx dy N(x,y)

2. Make the substitution u =~ .
Y

3. Rewrite M into the formF{
N (x,y)

du
4. SO'Ve J‘m—c ln|y|

£J=F(u).

y

5. Rewrite the solution into the form of xand y (u -* ).
y

Example 2 : Solve differential equations

dy dx dy
a —_— b) — =
()x y x+y ()xy X24y?
y
(c) dy de (d) [xeX +dex —xdy =0
Xy X4y

(e) [x sin (%j—y cos [%Ddx +(x cos (%Ddy =0 ,y(2)=x
()dy 4x +6y +1 ()dy X+y -2
dx  2x =3y X-y+3
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Engineering Analysis First Order Differential Equations 7
Solution : (a) oax __dy
X—y X+Yy
Solution : (b)d—X: zdy >
Xy X°+y
dx __dy
Xy X2+y?
2 2 2 2
xP+y® _dy S WXy’
Xy dx dx Xy Xy
dy _x_ .y
dx y x
Let v=2 :>F(v)=1+v
X v
J‘d_x+ av =C = J‘d_x+J‘d—v=C
X v-F (V) X (1
V—| =4V
\
2
)
2 X
J‘ Ivdv =C = Inx ——=C = Inx—T:C
y =1xy2Inx+C, (C,=2C) < Ans,
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Engineering Analysis First Order Differential Equations 8
Solution : (c)d—y: de 5
Xy X°+y
dy _ dx
Xy x2+4y?
2 2 2 2
X*+y® _dx L XXy
Xy dy dy xy Xxy
dx _x .y
dy y x
Let u=Y :>F(u)=3+u
X u
[ fotge = ol
y u-F(u) y u (1+uj
u
2
)
2
jdl— udu =C = Iny—u—:C = Iny y—:C
y 2 2
2
2|ny—[iJ -2C < Ans.
y
Yy
Solution : (d) (xeX +yjdx —xdy =0
y " " y
xe* +y |dx —xdy =0 = dy _xer+y = dy _xe 2L o dl=e;+l
dx X dx X dx X
Let v== =F()=e"+v
X
'.'J‘d—X+J-L=C = J.d—X+J.L:C
x Jv-F() x Jv—(e"+v)
dx -v -v -~
~|—-|evdv=C = In(x)+e™ =C = In(x)+e x =C
X
y ==xIn(C —In(x)) < Ans.
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Engineering Analysis First Order Differential Equations 9
N in[ ¥ Yy Yy _ _
Solution : (e) | X sin —y COS dx +| x cos dy =0 ,y(2)=x
X X X
X sin (yj ( J X COS ( j
X dy =0+x cos (y ]
X COS (y] xcos( j xcos(yj X
X X X
tan (lj ljdx +dy =0 = dy = X+tan (lj
X X dx X X
—l = F(v)=v +tan (v
j‘dx J‘ J‘ J‘ dv 3
v—F(v v —(v +tan (v ))
— —|cot(v)dv =C Inx —In(sin(v))=C =xsin™ ij
[~ foottr) = (sin(v) y=xsin” 2
y(2)=x = 7Z'=28in_l(§] = C=2
. (X
y =Xsin (Ej < Ans.

dy 4x +6y +1

Solution : (f) 3
X —2y
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Engineering Analysis First Order Differential Equations 10

X+y -2

. dy
Solution : — =
olution: (g) dx x-y+3

H.W 2 : Solve differential equations

@ Ky X ®) x Loy + ey

y
(c) (x2+y2)dy—y2dx=0 (d) dy _& & +1
e te
-y 2 2
Hx-—=-y= -
() = 2y ()xOIX y =x*-y
X +Yy dy 5x -3y +7
> __27F hy 2L =222y 77
(g)dx X—y+2 ( )dx 5x -3y +1
~ , Y(I+In(y)=In(x

(in(y)-n(x))
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Engineering Analysis First Order Differential Equations 11

2.3- Exact Differential Equations

A first order differential equation is Exact if it can be put in the form:

M(x,y)dx+N(x,y)dy =0 (4)
or
of of B
8—de+Wdy =0 (5)
_of N OfF
=3 "N_ﬁy

And having the property that

1. Rewrite the equation in the form:
M (x,y )dx +N (x,y )dy =0

2. Integrate M (x,y )With respect to x, writing the constant of integration
as k(y)

f(x,y)= I M (x,y)dx +k(y) (6)

yconstant

3. Differentiate with respect to y, and set result equal N(x,y)to find
k'(y)

Niew)=ar| [ M (e sk '(y)

y constant

4. Integrate to find k(y) and substituted in Eq.(6), then writing the

solution of exact equation as

General Solution
OR
R = M(x,y) dx K = N_E dy = | N(O0,y )dy
y —constant X —constant
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Engineering Analysis First Order Differential Equations 12

Example 3 : Solve differential equations
(@) 2xydx +(l+x 2)dy =0
(b) (y 2 —1)dx +(siny —2xy )dy =0

(c) (ex +In(y)+%)dx +(§+In(x)+sin(y))dy =0

(d) (x +\/1+7)dx —{y - Zde =0

1+y

Solution : (a) 2xydx +(l+x 2)dy =0

Solution : (b) (y 2 —1)dx +(siny —2xy )dy =0

Mr. Munther 2019-2020



Engineering Analysis First Order Differential Equations 13

Solution : (c) (ex +|n(y)+%)dx +[§+In(x)+sin(y)jdy =0

M :ex+ln(y)+l & N =£+In(x)+sin(y)

X y
8_214_3 & ﬂzi—i—i (exaCt)
oy Yy X oXx Yy X
f(x,y)- j [ex+ln(y)+%]dx+k(y)

y constant

f(x,y)=e*+xIn(y)+yIn(x)+k(y)

N:ﬂ = £+In(x)+sin(y):£+ln(x)+k’(y) = k'(y)=sin(y)
oy y y
s k(y)=-cos(y)
se*+xIn(y)+yIn(x)-cos(y)=C < Ans.
Solution : (d) (x +w/1+y2)dx -y - Xy dy =0
1+y?
M=x+1+y? & N=y-—
J1+y?
oM y oN y
=— & =— .. Exact
& J1+y? X \f1+y? ( )
2
R= j M dx = I (XJH/lerz)dx:X?erwlljty2
y —constant y —constant
oR  xy

' J1+y?

K = J' (N—gy—R}dy: J'

X X 2
[y‘ yz‘[ﬁyzn‘”: | s
X —constant X —constant \/1 + y + y X —constant

2 2

R+K=C = X?+X«/1+y2+y7=0 < Ans.

H.W 3 : Solve differential equation

(@) (e +In(y))dx +(§+l]dy =0,y (In(2))=1

(b) (13:;2 -2y jdx +(2ytan‘l(x )—2x +sinh(y))dy =0

(©) (x +\/1+7)dx —[y —\/%de =0
(d) [sin(x )+tanl(%Ddx —(y —In(w/x2 +y2))dy =0
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Engineering Analysis First Order Differential Equations 14

2.3.1 Integration factor

It can be shown that every nonexact (% # %—Ej differential equation, can be made exact

by multiplying both sides by a suitable integrating factorl (x,y ).

I (X,y )M (x,y )dx+1(x,y )N (x,y)dy =0

1(oM ON X )ix
1 (oM ©ON ~[h(y )y
IfM =yf(xy) and N =xg(xy) I(X,y)=ﬁ

Example 4 : Solve differential equations

(@) ydx —xdy =0 (b) (x +3y )dx +xdy =0 (c) 2xy “dx +3x *ydy =0
Solution : (a) ydx —xdy =0

M=y & N =-Xx aﬂ:1 & aﬁ=—1 (. nonexact )

oy OX

1 (oM ON 1 2

Bl B At - (1-(-1))=-=<

-2 g ()= L o) -2

2
| =eJ‘g(x)dx :ej—;dx :Xiz
. 1
Integtation factor | =—;

o
7\
><|<
N
N——
o
>

+

|

X |
N——
Q.
<

I

o

(IM )dx +(IN )dy =

N X & FORR (- exact)
* y y
R = M™(x,y)dx = = |dx =—=
[ wenn- | ()
y —constant y —constant
K:J.N*(O,y)dy =C,
R+K=C = —%+cl=c :%:cz « Ans.
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Engineering Analysis First Order Differential Equations 15

Solution : (b) (x +3y )dx +xdy =0
M=x+3y & N =x

™M =3 & N =1 (. nonexact )
oy OX

Integtation factor | =x ?

(IM )dx +(IN )dy =0 = (x®+3x%y )dx +x°dy =0
M:3x2 & 8((;)[(\I )=3x 2 (- exact)

f(x,y)= I (x®+3x2y Jdx +k (y)
y constant
4

f (x,y):XT+x3y +k (y)

IN =— =  x’=x+k’(y) = k'(y)=0
oy
k(y)=C,
Xty Xy
.'.T+x y +C,=C T+X y =C, < Ans.

Solution : (c) 2xy “dx +3x °ydy =0
2xy “dx +3x 2ydy =0

M =2xy? & N =3x’y
oM oN
—=4 —=06 t
oy Xy ™ Xy (. nonexact )
1(oM oN - Ig(x)dx 1
Sl LR Axy —6Bxy )= —= = | = - =
LA A Loy -o)- -9 (x) e
1(M oN) 1 - ity
= LA 4xy —6xy)=—=h | = =
M(@y ax] 2xy2(xy x) (v) ° y
1 -1
M=yf(xy) and N =xg(xy) TIM YN X%y’
Integtation factor | =y (IM )dx +(IN )dy =0 = 2xy%x +3x°ydy =0
IM IN
M:6xy2 & d )=6xy2 (- exact)
oy X

3 2,3 aR 2,,2

R = J. IM dx = J. (2xy )dx =Xy —=3X"y
oy
y —constant y —constant
K = I IN — R gy j ((3x2y2)—(3x2y2) dy = I (0)dy =C,
oy
X —constant X —constant X —constant

R+K=C = x%%+C,=C=x%°=C, < Ans.
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2.4- Linear First-Order Differential Equations

A differential equation that can be written in the form:

V4P (x)y =Q(x)

Where P (x)and Q (x)are functions of x, is called a linear first order equation

Note: We can be written a linear first order equation in the form:

& P x=Q)

1. Rewrite the equation in standard form :

Y P (x)y =0 (x)
2. Find p(x)

p(x)zeIP[x)dx

3. Find y (x)

y ()= ) ol (s

1
p(x

Example 5 : Solve differential equations
@) d—y——y=x2 (b)xg—i+y=x

(c) cosh (x):—i+sinh(x)y =  (d) (1+x)g—§:+2y =x ,y(0)=1

Solution : (a) d—y—iy =x2
dx x

Mr. Munther 2019-2020



Engineering Analysis First Order Differential Equations 17

Solution : (b) X d—y+y =X
dx

Solution : (c) cosh (x )j—i+sinh (x)y =e™

cosh(x)g—i+sinh(x)y =e™*

o Lomi) (i) oot

j—i+tanh(x)y =e* sech(x)

P (x)=tanh(x) & Q(x)=esech(x)

1
()= bR o

1 x
(x)= COSh(X)J-cosh(x )e ™ sech (x )dx

1 g = — T -+ =—1 -+
y(X):cosh(x)J.e dx_cosh(x)( ) (ex+exj( c)

2

y(X)=21§:J:12 < Ans.

Mr. Munther 2019-2020



Engineering Analysis First Order Differential Equations 18

Solution : (d) (1+x)j—3(/+2y =x ,y(0)=1

dy
14X )= +2y =
( X)dx )=

dy , 2 x
dx 1+X 1+x

2 X
P = & =—
(X) 1+x Q(X) 1+x

2
p(X ) :eIP(X)dX :ejmdx :e2ln(l+x) :(1+X )2

y(x)= 1 2J‘(l+x)2( X jdx:(lJrlX)ZJ.x(ler)dx:

L 2j‘(x +x 7 )dx

(1+x) 1+x (1+x)
2 3 2 3
()(2+);j+c (02+%j+c
)=t o 2 3 S
(1+x) (1+0)
x V(1 «x
Y(X):(—X) (54‘5] < Ans.
+
H.W 5: Solve differential equations
(a) x j—i+3y :S":((ZX) (b) e dx +2(xe® —y )dy =0
(© (1+y2)dx +(1+2xy )dy =0 (d) (x —1)33—i+4(x —1)2 y =X +1
d’y , dy d
(e)xdx2+&=x2 (f)x%+2y =1+x*,y(1)=1
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Engineering Analysis First Order Differential Equations 19
2.5- Bernoulli Equations
A Bernoulli differential equation has the form:
Y +P (x)y =Q (x)y" (8)

Where n is a real number. The substitution
z=y""
y'+P (x)y =Q(x)y"
P ()5 =Q (x)

y" y

Let z= 1H d—Z:(l—n)yn .'.yn
y dx y y

(1_1n)g—i+P(x)z =Q (x)

L4 (1-n)P (x)z =(1-n)Q ()

1. Rewrite the equation in standard form :

E o (1-n)P (x)z = (1-m)Q (x)

TP (x): =0 (x)
Where P (x)=(1-n)P(x)
2. Find p(x)
p(x) _ ejp*(x)dx
3. Find y (x)
z(x)=p+c)jp(x)g (x )dx
Then

Mr. Munther 2019-2020



Engineering Analysis First Order Differential Equations 20

Example 6 : Solve differential equations

d d d 1 COS X
(@) y L +y?=x () L+ L—y2 (c) L=y =—-BXye
dx dx X dx x X
Solution : (a) yd—y+y2=x
dx
Solution : (b) d—y+l=y2
dx X

Mr. Munther 2019-2020



Engineering Analysis First Order Differential Equations 21

Solution : (c) dl—ly :—COSSX 4
X X
d_y_i __C0sX 4
dx X x 3
y_'J{_lJi:_cosx
y4 X y3 X3
n=4 Let z=i3
y
dz . .
—+P (x)z = X
% P (x)2=Q" (x)
dz 1 COS X dz 3 3c0s X
—+(1-4)|—— |z =(1-4)| - —+|— |z =
dx( )(xj ( )( x3j dx (xj (xaj
P (x)=2

px)=e =
1 .
X )= X X )dx
0= 55 00 (1)
1 ¢ 3(3cosx 1.
z(x)_FJX ( 3 de = 5(3sinx +C)
1 1, .
F_F(Bsmx +C)
X—33=3sinx +C < Ans.
y
H.W 6: Solve differential equations
(a) 2y _3%: y ‘e (e) (x? + x)dy = (x° + 3xy + 3y)dx
(b) xdy + (3y — x*y?)dx =0 (f) Yy + 2y’ =4x
(©) (x—2y)dy + ydx=0 (@) 4y(y)?y"=(y)* +3

(d) (sin? x — y)dx —tan xdy =0

Mr. Munther 2019-2020



Engineering Analysis Second Order Linear Homogeneous Equations 22

3- Second Order Linear Homogeneous Equations

The linear equation
ﬂ+2ad_y+by:o = (D2+2aD+b)y=0
dx 2 dx

is called second order linear homogenous equation

D is called a linear differential operator

The equation

r’+2ar+b=0
is the characteristic equation of the equation

2
d—)£+2a0|—y+by =0
dx dx
2
Solution of d { +2ad—y+by =0
dx dx

Roots of r2+2ar +b =0 Solution

., I, real and unequal y=C,e" +C,e"

r,,r, real and equal y =(C, x+C,)e"

r,,T, complex conjugate , o + i y = e”(C, cos fx +C,sin px)
Example 11 : Solve differential equation

(@) y"+2y'=0 (b) y"—4y'+4y =0 (€) y"-2y'+4y =0
Solution: (a) y"+2y'=0

y"+2y'=0

(D*+2D)y =0

(r*+2r)=0

r(r+2)=0

h=08& r,=-2 (r,&r, real and unequal )

y=C,e”+C,e™ = y=C,+C,e™ < Ans.
Solution: (b) y"—4y'+4y =0

y"—4y'+4y =0

(D?-4D +4)y =0

(r2—4r +4):O

(r-2)"=0

~r=r=2 (r,&r, realandequal )

y=(C,x+C,)e"™ = y=C,+C,e” < Ans.
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Engineering Analysis Second Order Linear Homogeneous Equations 23

Solution : (c) y"—-2y'+4y =0

y"-2y'+4y =0
(D?-2D +4)y =0
(r*-2r+4)=0

(=2)+. /(=2 —
_—(2)2y(-2) ~4x1x4

2x1

S =143 (r,&r, complex conjugate )
azl,ﬂ:\/é
y =e”(C,cos fx +C,sinfx) = vy =e’ (Clcos J3x +C,sin \/§x) < Ans.

H.W 5 : Solve differential equation
(@ y"-9y =0 y(In2)=1,y'(In2)
(b) 4y"+12y'+9y =0 y(0)=0,y'(0)=1
(c) y"-6y'+10y =0 y(0)=7,y’

Il
|
w
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4- Second Order Linear Nonhomogeneous DE

If, the linear equation F (x )0

d’y __dy
—+2a—+by =F (x
dx 2 dx y (x)

is called second order linear nonhomogeneous equation

The general solution of the nonhomogeneous equation is

Y=YntY,

Where

y,,=homogeneous solution
y ,=particular solution

4.1- Method of Variation of Parameters

Steps of solution second order linear nonhomogeneous equation by variation of

parameters method:

1. Find y,=C, »,(x)+C, y,(x)

2. Calculate
W =‘;]1, j:, =15~V Vs
W.:L&) j:, =—y, f (x)
W, - ;’1‘, f?x)=+ylf(x)

3. Find u,and u,

ulzj‘;;idx , u2=JA%dx

5. Write the general solutionas [y =y, +, |

4. Write the particular solution as [y, =uy, +u,y, |
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Example 1 : Solve differential equation
@ y"-y=e" (b) y"—y'=e"cos x (C) y"+y =secx tanx
Solution: (a) y"—y =e*
yﬂ_y :eX
First, find y,
(D*-1)y =0
r’-1=0 = =1 & r=-1
y=C e +C,e”™
U, =" . u=e™ , F(x)=¢e
S =ef , Uy =—e"
u u X —X
D= 7 = D=|° © |—_eXe¥-e'e* =-1-1=-2
U1 U2 ex _e—x
-, F(x X e
V1!: 2 ( ):> Vl/:_e e :1 :>Vl:_+C1
D -2 2
u, F(x XeX
vz’:l—(): vz’:e ¢ __lgm :>v2:C2—1e2X
D -2 2 4
y =V U +v, U
X « 1., 1
y :(E+Clje +(C2—Ze2 je (Where C, :Cl—zj
1 X X —X
y :Exe +Ce" +Ce < Ans.
Solution : (b) y"—Yy'=e” cos X
y"—y'=e"cosx
First, findy,
(D*-D)y =0
r’—r=0 =r(r-1)=0 =1, =0 & r1,=1
y =C,+C, e*
sy =1 , U, =¢" , F(x)=e"cosx
~u'=0 , u,=e"
ul u2 1 eX X X
u u, 0 ¢
-u, F(x —e* xe* ;
v/ =—2 ), v =2 XC COX _ excosx :vlzcl—lex(cosx +sinx )
D e 2
u, F(x X i
v, =2 D( ) = vz’:lxeeﬂzcosx =V, =C, +sinx
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y :(Cl—%ex (cos x +sinx )]><1+(C2 +sinx ) xe*

y =C,+C,e" Jr%eX (cosx —sinx ) < Ans.
Solution : (c) y"+y =secx tanx

y"+y =secx tanx

First, findy,

y'+y =0

(D*+1)y =0

r’+1=0 = r=+i (¢=0,=0)

y =C, cosx +C, sinx

.U, =COSX , U,=sinx , F(x)=secx tanx
U/ =-sinXx , U, =CO0SX
u, u, cosx  sinx ) -,
D=' 7% = D=| . = cos? x —(—sin?x) = D=1
S U, —sinx  cosx
—U, F(x —sinx xsecx tanx
v/ =—2 ( ):> v, = =—tan’ x =V, =X —tanx +C,
D 1
u, F(x COSX X SECX tan X
2:1—() = V)= =tanx =V, =Inlsecx[+C,
D 1
y =(x —tanx +C,)xcosx +(Inlsecx|+C, )xsinx (C,=C,-1)
y =X cosx +sinx Inlsecx |+C, cosx +C,sinx < Ans.

H.W 6 : Solve differential equation

(@ y"+y =cscx

(b) y"+y =cot x

(€) y"—y'=e*+e™

(d) y"—4y'-5y =e* +4
(e) y"+y =sec’x
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4.2- Method of Undetermined Coefficients

2. Find y,

3. Find y,

4. Write the general solutionas [y =y, +y, ]

e k #r,and k =r, Ae“
k=rork-=r, Axe®
k=r,and k =r, Ax e
sin kx ,cos kx k #r and k #r, B cos kx +C sin kx
k=rand k =r, Bx cos kx +Cx sin kx
ax?+bx +c O=r,and 0T, Dx*+Ex +F
O=ror0=r, Dx® +Ex? + Fx
O=r,and O=r, Dx* +Ex® +Fx?

Example 7 : Solve differential equation

(@) y"-y =e* +x? (b) y"—y'—6y =e™* —7c0s X

Solution: (a) y"—y =e* +x°?
yn_y =ex+X2
First, findy,
y'-y =0
(D*-1)y =0
r’-1=0 = =1 & rn=-1
y=C,e"+C, e
Second, findy
v F(x) =€, k=l=r = .'.(yp)lexeX
wF(x),=x*, 1&L#0 = -(y,) =Bx*+Cx +D
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Yo :(yp)1+(yp)z

y, =Axe* +Bx’+Cx +D

y, =A(xe* +e*)+2Bx +C

Yy =A(xe +2")+2B =Axe* +2Ae* +2B

y, -y, =€ +x?

(Axe" +2Ae" +2B )~ (Axe* +Bx*+Cx +D)=e" +x’
2Ae* —Bx’-Cx +2B —D =¢* +x?

2Ae" =¢* = A:%
—-Bx? =x? = B=-1
—Cx =0x = C=0
2B-D =0 = D=2B=-2
1 .
Y, =3%e -x?=-2
Y=Y tY, = y =C, ¢’ +C2ex+%xex—x2—2 < Ans.
Solution: (b) y"—y'—6y =e™ —7c0s X
y"—y'—6y =e* —7c0s X
First, findy,
(D*-D-6)y =0
r’-r-6=0 = (r=-3)(r+2)=0 = =3 & r,=-2
y =C,e¥ +C,e™
Second , findy |
v F(x) =e” , k=-1 (n&r,#k) = o (y,) =Ae”
- F(x), =cos x , k=1 (n&r,#k) = .(y,),=Bcosx +Csinx

yp=(yp)1+(yp)2 = y, =Ae” +Bcosx +C sinx

y, =—Ae* —Bsinx +C cos x

y, =Ae™ —Bcosx —C sinx

VY, -y, -6y, =e" —7cosx

(Ae™ —Bcosx ~Csinx )—(-Ae™ —Bsinx +Ccos x )—6(Ae ™ +Bcosx +C sinx ) =e ™ —7cos X

(1+1-6)Ae™ +(-B —C —6B)cosx +(-C +B —6C )sinx =e™ —7cos x
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. —4Ae™ =e™" - _ 1
4
. —=(7B +C)cos x =—7cos X = TB+C=7 ... (1)
(B —7C)sinx =0sinx = B-7C =0 ... (2)
5t o7
50 50
1 ., 49 7 .
y,=——€" +—C0SX +——sinx
4 50 50
1 49 7 .
=y, + = =C,e¥ +C, e —Ze™* + —c0os X +——sinx < Ans.
y yh yp y 1 2 4 50 50
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Differential Equation

y"+2ay'+by =c ;—
y"+2ay'=c L x
2a
y"+2ay’+by =cx +d Cx bd —22ac
b b
c 2ad —c
"+2ay’'=cx +d — x?
g y 4a 43*
y"=cx +d Ex3+d_x2
6 2
" ' _ kx C kx
y'r2ay'+by =ce k?+2ak +b
c
"+2ay'+by =ce®™ k=rorr xe
y Yoy e 2a+ 2k
y!r+2ayr+byzcekx k=|’1=r2 %Xzekx

y"+2ay’'+by =ccoskx k #r #r,

[ c
(b—k2) +(2ak ¥

j((b —k?)cos kx +(2ak )sinkx )

y"+2ay'+by =ccoskx k =r =r,

—% sinkx
2K

y"+k?y =ccoskx

Lx sinkx
2k

y"+2ay'+by =csinkx k #r =r,

[ c
(b—k2) +(2ak ¥

]((—Zak )cos kx +(b —k?)sinkx )

y"+2ay’=cx’+dx +e

y"+2ay'+by =csinkx k =r, =, %cos kx
y"+k?y =csinkx ~ L xcoskx
2k
" '+b 2 ¢ , bd-4ac_ 8a’c-—2abd +b% —2bc
y"+2ay'+by =cx”+dx +e —X“+ ——X + 3
b b b
= 2a’e —ad +c

ad —c
P+ X2+

6a 43>

4a°

y"=cx’+dx +e

ix“+d—x3+gx2
12 6 2
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5- Higher Order Differential Equations

The form of a linear nth-order homogeneous differential equation:

d ny d n—ly d n—2y dy
a, (x)dxn +an_1(x)dx = +an_2(x)dx —— i +a1(x)&+a0(x)y =0

The form of a linear nth-order nonhomogeneous differential equation:

dn—l dn—2 d
8, (X) g a2 (X) G 5 (X) G e+ (X) 4, (x)y =1 (X)

If the functions a,(x),i=0,1, 2, ..., nare constants, the equation is said to have constant
coefficients.

5.1- Homogeneous Higher Order Constant Coefficient Equations

The form of a linear nth-order homogeneous differential equation:

d ny d n_ly d n—2y dy
n dx " n-1 dx N1 +an_2dx—n_2+ .......... +81&+aoy =0

The solution of the homogeneous equation is

Yn=YitY,tYs o ty,

Real r=r y,=C,e"
[':l’2 y2=C2er2X
I’=I'3 y3:C3er3X
I'=rk yk =Ck eI’kX
Realandequal r=r=r,=r,..=T, y,=C,e"
y2=C2 xe""
y3=C3XZerx
y, =C, x“ ™
Complex n=a,tpi y,+Y,=e%(C,cos Bx +C,sin Bx)
conjugate =a,* B, i ;
=@t p] Yo +Y,=e“" (C,cos Bx +C,sin Bx )
=3t [l X .
Ys+Ye=e""(Cycos fx +Cysin fx )
ro=o, 61 '

Youat+ Yo =% (C2k—l cos B x +Cy,, sin :ka)
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Complex r=n=n=r.=r=axfi y+y,=e”(C,cosfx +C,sin px)
conjugate and » -
equal y;+Yy,= xe”(C,cos fx +C,sin Bx)

Ys+Ys= X2 (Cycos fx +Cqsin px)

YoatYau =X Klg™ (C2k_1 cos px +C,, sin ,BX)

Example 8 : Solve differential equation
(@ ym™-2y"-5y'+6y =0
(b) y"+2y"+4y' =0
(€ y“+2y"+y =0
(d) 6y @ +7y"—13y"—4y' +4y =0
(e) 2y® -7y 112y +8y" =0

Solution: (a) y"—-2y"-5y'+6y =0

y"—2y"—5y'+6y =0 D% —2D? —5Dy +6y =0 (D3—2D2—5D+6)y:0
r’-2r’-5r+6=0

a=+1 Synthetic Division
b=+1,+2,+3 %6 1 2 5 &
%=il,i2,13,i6 I 1 -1 -6
Try (+1) 1 -1 -6 0
(1)°-2(1)°-5(1)+6=0 O.K

(r=1)(r*-r-6)=0 (r-1)(r-3)(r+2)=0

=1 y,=C,e”

r,=3 yz—C2e3X

r,=-2 y;=C,e™

Mr. Munther 2019-2020



Engineering Analysis Higher Order Differential Equations 33

Solution : (b) y™+2y"+4y' =0

Solution : (C) y@i2y"+y =0

Solution : (d) 6y ¥ +7y™ -13y"—4y'+4y =0
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Solution : (f) 2y(5) —7y(4) +12y™+8y" =0

H.W 7 : Solve differential equation
@ y"™+4y"+4y' =0
(b) y“+y -2y =0
) vy +12y® +48y +64y =0
(d) y"+3y"+3y'+y =0
(e) y"+4y"-7y'-10y =0
(f) y© +5y @ —2y™_10y" +y'+5y =0
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5.2- Nonhomogeneous Higher Order Constant Coefficient Equations

The form of a linear nth-order Nonhomogeneous differential equation:

d n—ly d n—Zy dy
"dx"  "tdx "t T2 dx "2 d (x)

The solution of the Nonhomogeneous equation is

y :yh+yp

5.2.1 Undetermined Coefficients Method

k A
X" r0 rare all roots Ay +AX +AX + A XA X
r=0  risone root [ repet (s)ones | X* (A +AX +AXT +o+ AL XA X™)
x ek k=r rareall roots (A +AX +AX + .+ A X" e
k=r ris one root (e™) X (Ag+AX +AX +. +A X" et
x ™ sin kx k+p pof all roots (A +AX +AX" +.....+ A X" )cos kx
X" cos kx +(By+BX +B,x* +.....+ B, X" )sin kx
k=2 (cos gx, sin fBx) X* (A +AX +AX 4.+ A X" )cos kx
+X° (By +BX +B,X +.....+ B, X" )sin kx
e™ sin kx pra&k #p a& pof alroots ™ (A cos kx +B,sinkx )
e™ cos kx
p=a&k =8 a& Bof one roots x°e™ (A,cos kx +B,sinkx )
(e cos Bx ,e“*sin Bx )
e™ x " sin kx pra&k =p & fof al roots e (A +AX +AX +....+ A X" )cos kx

pX y, M
e x™ cos kx +e™ (B, +BX +BX” +.....+ B, x" )sin kx

p=a&k=p «a& pof oneroots X%e” (A +AX +AX" + ...+ A X" )cos kx

ax ax oy
(e cos fix . smﬂx) +xser(Bo+le+Bzx2+ ..... +Bmxm)sinkx
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Example 9 : Solve differential equation
(@) y -5y "+6y '=x*+sinx
(b) y "+y "=e"cosx
) y“ -y =4x +2xe™

Solution : (a) y "—5y "+6y '=x*+sinx

Solution : (b) y "+y "=e" cosx
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X

Solution: (c) y“ —y "=4x +2xe"

H.W 8 : Solve differential equation

(@) y "+y"-2y =3+2cosx o) y"+y"-y'-y=2+e”"

© yW+ym=1-x%” (d) y "6y "=3—cosx

(e) y "—2y "-4y '+8y =6xe* (f) y"—y"-4y'+4y =5-¢* +e*
@ y“W+2y "+y =(x -1)° (9) y"—3y "+3y '—y =x —4e*
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Y, Y, Ys Y, Y
y, Yy, s Y4 Y.
ylll y2|l y3|l y4l| ynll
W =|Y," y," Y y," Yo
y l(n—2) y 2(n72) y 3(”72) y 4(”72) y n(nfz)
y l(nil) y z(nil) y 3(”71) y 4(”7]‘) y n(nil)
0 Y, Y, Y, Y,
0 Y. Ys Y Y, yz, y"’, y“, y”,
0 Y. Yy y," iz,, ze’,, z“., z
Wl _ O y2||| y3||| y4||| y nlll _ (_1)n+lf (X ) 2'" 3'" 4"' n"
: : : : : Y, Y3 Y, Y
(n-2) (n-2) (n-2) (n-2) (n-2) : : : :
Y Y2 b Ya Yn (-2 o (), () (n-1)
f (X) yz(n—l) ys(n—l) y4(n—1) y (n-1) Y. Ya Ya Yn
Y. 0 Ys Y, Y
y, 0 Ys Y. ' yl, yg, y“, y”.
y 1" 0 y 3|| y 4" y ] n zlu z?," z 4" z n .
W, =| Y 0 y y," Yo" = (=) (x ! : ! "
2 ;1 . ’ ;4 : ( ) ( ) y," Vi y," Yoo
(n-2) (n-2) (n-2) (n-2) : : : :
Y1 0 Ya Y4 Yn y Ay 02y 0 y (02
yl(n—l) f (X) y:‘}(n—l) y4(n—l) yn(n—l) 1 3 4 n
Y. Y, Ys 0 Y
Y, Y, Y4 0 Y, yl, yz, yg, y”.
ZEN P P 0 Yo" zl,, zz,, zi, z
Wi _ ylm y2m ysul 0 yn'" _ (_1)n+i f (X) 1“' Zm 3'" n"I
: : : : : Y1 Y, Y Y
(n-2 n-2) n-2) (n-2 : : :
y" oy Vs 0 y, " y Ay 02y ) y (2
yl(n—l) y2(n—l) yg(n—l) f (X) yn(n—l) 1 2 3 n
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5.2.2 Variation of Parameters Method

Yn=CY,+CY, tCY;+C Y, +..... +C.Y,

Yp =UY tUY, HUY s +UY, +o HULY,
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ulzjlvv%dx ,UZ:J.VV%dx ui:.‘-v\#dx un:J.VV%dx

[yp:uly1+uzy2+l'13y3+l'l4y4+ """ +U, Y,

[V =Yu+Y,]

Example 10 : Solve differential equation
(a) y“ +9y " =sec?3x
(b) y "+y "=e” cosx
) y“ -y =4x +2xe™

Solution: (a) Y @ +9y " =sec’ 3x
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Solution : (b) y "+y "=e" cosx
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Solution: (C) ¥y @ _y"=4x +2xe™*

H.W 9 : Solve differential equation

(@ y“ —y =5(x +cosx ) (b) y"+y" =e*

(€ y®-16y =1 d)y®-—y® =1

€ y“@+9y" =1 (f) y "+10y "+ 34y '+ 40y =xe ™ +2e** cosx
(@) y "+6y "+1ly '+6y =2 —xe* (h) y "-3y "+3y 'y =x —4e*
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(i) y“ +4y " =sec? 2x () y“ -10y "+38y "-64y '+ 40y =153
(k) y'“' +4y "= tan® 2x (1) y "+9y ' =sec? 2x
(m) y "+6y "-14y '-104y =-111e"

5.2.3 The Differential Operator (D) Method

Differential Operator

xm D™

¥ ek (D k)"
Cos(o) (072D ek
x "e" sin (cx )

Example 11-a : Solve differential equation
(@) y"—4y "+4y'=5x°—6x +4x % +F>
(b) y "+8y '=e* cos2x
(c) y"+2y "-13y '+10y =xe ™

Solution : (a) y "—4y "+4y '=5x°>—6Xx +4x e* +3™
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Solution : (b) y "+8y '=e” cos2x
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Solution : (C) y "+2y "-13y '+10y =xe™*

y "+2y "-13y '+10y =xe™
m=1
k =—1
(D-k)"" =(D +1)°
(D +1)°(D*+2D*-13D +10)y =0
Synthetic Division
11 1 2 -13 10
! 1 3 -10

1 3 -10 0

(r+1) =0
(r+2)*(r-2) )(r?+3r-10)=0
(r+1) 0

r+12(r— 1)(r-2)(r+5)=

r=-1 = Y, =Ce™

r,=-1 = Y, =C,xe™

r,=1 = Y, =Cg*

r,=2 =  y,,=Ce”

r,=-5 =  y,s=Ce™

y =Ce " +Cxe* +Ce*+Ce* +Ce™ <Ans.

H.W 10 : Solve differential equation

(@) y "+8y "=2+9x —6x° (b) y"-y"+y'-y =xe* e +7
(€) y"-3y"+3y"—y =e* —x +16 (d) 2y "3y "-3y '+2y =(e* +e~* )2
(€) vy -4y "=5x2—e* (f) y "+10y "+25y '=¢”

(@) y“+8y'=4 (h) y "+4y "+3y '=x?cosx —3x
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(i) y“ -8y "+16y = (x ¥ _2x )e4X () y“ —10y "+ 38y "—64y '+ 40y =153 *
(m) y® -2y "+y"=e*+1
5.2.4 Inverse Operator (D) Method

x™ m _ 2 m m

5 (D) x™ =(a +a,D +aD’....+a,D" )x
ekx 1 »

— k

P(k)e £

x® o .
e k =risone root | repet (s Jones

p(S)(k) [ pet (s) 1
cos (cx ) 1 —Cos (cx ) or sin(cx) P(—cz);to
sin (cx ) P(—C )

s cos (cx or sin (cx P(—2) =0/ repet (s )ones

PEI (<) (cx) (cx) (~e*)=0 [ repet (s Jones |

Xmekx ekx 1 Xm
P(D +k)

e cos (cx ) " .

e ——  cos(cx or sin(cx
e sin (cx ) P(D+k) (e) (©)
e“g(x) o 1

© P(D+k)g( )
Note :-

cos (cx ) = %(edx e )

sin(cx ) = %(ecix oo )
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Example 11-b : Solve differential equation

(@) y"—4y "+4y '=e™ +3*
() y"+9y '=x*+3x*-2

(c) y "+4y '=sin3x +5c0s2x
(d) y -8y "+16y=e* cos2+/3

Solution : (a) y "—4y "+4y '=e™ +3%*

y |n_4y ||+4y |:e5X +%2X

1findy,
y"-4y "+4y '=0
(D*-4D*+4D )y, =0
r®—4r’+4r =0
r(r’-4r+4)=0
r(r-2) =0
=0 r,=2 rn,=2
y, =C,+Ce* +Cxe*
1findy,
P(D)=D°-4D?+4D
1 1 1
f,(x)=e* = k=5 = R e =—e¥
l( ) ypl P(5) 53_4(5)2+4(5) 45
f,(x)=3* = k=2=r 5=2
P'(D)=3D?-8D
P"(D)=6D -8
x° 3x? 3
— 3e2x — 5x _ 2y 245X

Yoo P"(Z)( ) 6(2)—8e i

1 sx 3, a5
.'.ypzyp1+yp2:Ee5 +Zx2e5
Sy =Y, +y,=C +Ce” +Cxe” +%e5X +%x2e5X <Ans.
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Solution: (b) y "+9y '=x*+3x?-2

y"+9y '=x*+3x?-2
1findy,

y "+9y '=0
(D°+9D)y, =0

r*+9r=0

r(r’+9)=0

n=0 r,, =+3i

y, =C,+C,cos3x +C,sin3x
1-findy,

P(D)=D%+9D

f(x)=x*+3x*-2

1 D D
Yo=|om a1t 70

9D 81 729

Yo =%(%x5+x3—2xj—%(4x3+6x)

LY =YatY,

= m=4

1 b b*
9D 81 729
9D +D°)1
2
1+D—
9
2
0_P2"
9
D? D
9 81
4
O+D—
81
D* D°
81 729
D6
729
4 2 1 -1 4 2 1 4 2 1 3
( + 3% —2):—D (x +3X —2)——D(x +3X —2)+—D (x
9 81 729
+i(24):ix5+ix3—ﬁx
729 45 81 243
=C, +C,cos3x +C,sin3x PN N ol <Ans.
81 243
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Solution : (c) y "+4y '=sin3x +5c0s2x

y "+4y '=sin3x +5c0s 2x
14indy,
y"+4y'=0
(D*+4D)y, =0
r¥+4r=0
r(r’+4)=0
=0 r,, =*2i
y, =C,+C,cos2x +C,sin2x
1findy,
P(D)=D°+4D =D (D*+4)
. . 1 .
f (x)=sin3x = D?=-9 =————8iN3X = ——sin3X
() Yo D(D*+4) D (-9+4)
-1 . -1 3
=—D *(sin3x )= —(-3c0s3x ) = =cos3x
f,(x)=5cos2x = D’=-4 P(D?’=—4)=0  s=1
Y, =—-—(5c0s2x )= X (5c052x)=L(50032x):—§x COS 2X
"> p(D) 3D’ +4 3(-4)+4 8
3 5
.'.yp:yp1+yp2:—gcos3x _§X COS 2X
) 3 5
sy =y,+y,=C,+C,cos2x +C,sin2x +gc033x _§X COS 2X < Ans.

Mr. Munther 2019-2020



Engineering Analysis Higher Order Differential Equations 49

Solution : (d) y¥ —8y "+16y =e* cos2/3

y -8y "+16y =e* cos2+/3
1findy,

y@_8y "+16y=0
(D*-8D*+16)y, =0
r—8r*+16=0

(r2-4) =0

n=r,=2 =r=-2

y, =Ce” +Cxe* +C e +C xe™
1findy,
P(D)=D*-8D?+16=(D*-4)
f(x)=e" cos24/3 = k =

P(D+k)=P(D +4)=((D +4)2—4)2 -(D?+8D +16-4) =(D+8D +12)

y,=e" — 1 ~c0s2/3=¢* 21 ~c0s2+/3=¢* - 1 ~C0s2+/3
(D?+8D +12) (—(zﬁ) 8D +12) (-12°+8D +12)
4% N 2 4X
Y, —e* 64D2(c052\/_) —e™”D (coszx/_) 64 (—cosZ\/_j 8 cos2+/3
LY =Y, 4y, =Ce® +Cxe” +C e +C xe™ —%Se“x c0s2+/3 <Ans.
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5.3- CAUCHY-EULER EQUATION

Cauchy-Euler Equation is a linear differential equation of the form

n-1 . dn—Z d
+a, X" dx”{ F v +a,X d—i+any =f (x)

n

o dy
dx "

y

n-1
+a, X ax

Let x =e* <z =Inx and new differential operator D :(?—Zand y=y(z)

dy
X —=aD
& i ay
d2
ax’ dX{ ~a,D (D -1)y

9% _ 2D (D -1)(D -2
ax’ 5 =aD (D -1)(D-2)y

k
akxkzx—)klzakD(D—l)(D—Z)(D -3)... .+(D -k +1)y where k =n-Orderof D.E

Example 12 : Solve differential equation

(@) x%y "—2xy '-4y =0

(b) x3y "+5x°y "+7xy '+8y =0

(©) x*y® +6x°% "+9x%y "+3xy '+y =0
(d) x?y "=3xy '+3y =2x"*

(e) X2y "—xy +y =X +Inx

Solution : (a) X’y "—2xy '—4y =0

X2y "—-2xy =4y =0
D(D-1)y —2Dy -4y =0
r(r-1)-2r-4=0
r’—r-2r-4=0
r’-3r-4=0
(r-4)(r+1)=0

=4 r,=-1
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Solution : (b) x°y "+5x°y "+7xy '+8y =0

Xy "+5x %y "+7xy '+8y =0

D (D -1)(D -2)y +5D (D ~1)y +7Dy +8y =0

r(r-1)(r-2)+5r(r-1)+7r+8=0
r*+2r+4r+8=0
(r+2)(r*+4)=0

r=-2 Iy, = %2

y(z)=ce™ +c,c082z +C,sin 2z
X =g’ zZ =Inx

y (X )=§(—1+czcos(2lnx )+cgsin(2Inx )

Solution : (C) x‘y ™ +6x°%y "+9x %y "+3xy '+y =0

4y, (4)

Xy @ 4+ 6x3%y "+9x %y "+3xy +y =0

D (D -1)(D -2)(D -3)y +6D (D ~1)(D —2)y +9D (D ~1)+3Dy +y =0

r(r-1)(r-2)(r—3)+6r(r-1)(r-2)+9r(r-1)+3r+1=0

r‘+2r+1=0

(r2 +1)2 =0

o=l =1

l\)

( )=c,c0SZ +¢,sinz +7 (c,€0sZ +C,Ssinz )

e’ z =Inx

( )=c,cos(Inx)+c,sin(Inx )+(Inx )(c,cos(Inx )+c,sin(Inx ))
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Solution : (d) x°y "—3xy '+ 3y =2x‘e”

X2y "=3xy +3y =2x*

Let x =e’ z =Inx
D(D-1)y —3Dy +3y =2*
1-find y
r(r-1)-3r+3=0
r’—4r+3=0
(r-1)(r-3)=0

=1 ;=3

y(z)=cge’ +ce”
1-find y |
P(D)=D2-4D +3 k =4

1, 1 1

_ - = 4z ) _ 42\ _Zn4
yp_P(k)e P(4)(e ) 42-4><4+3(ze ) 3°

y(z)=y, +y, =Cge’ +ce” +§e42
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Solution : (€) X%y "—Xxy +y =+/X +Inx

X2y "Xy +y =X +Inx

Let X =e’ Z =Inx

D(D-1)-Dy +y :e%Z +z
1-find y,

D(D-1)-Dy +y =0
r(r-1)-r+1=0
(r-1)"=0

n,=1

y(z)=ce’ +c,ze’

1-find y,

P(D)=(D -1y

1 1 1 (>
k== Yo = e ——(ez
2 P09 el
yo - 1

" (D -1)

1
y,=4% +z+2

1

2

gt

z :(—1—D)Zz :(l+2D+D2)z =7 +2

y(z)=y,+Yy, =Cg’ +c,ze’ +4e2 17 +2

z

X =e z =Inx

y (z)=cx +¢,x Inx +4x +Inx +2

H.W 11 : Solve differential equation

(@) x°y"=xy '+y =Inx
(c) xy ™ +6y"=10
(e) x?y "—4xy '+6y =Inx

2

1
) X’y "tXy'-y =——
(&) x°y "+xy -y Tox

(e) (2x +1)%y "—2(2x +1)y '+y =2x

(b) x°y "—6y =0
(d) x%y "—3x°%y "+6xy '-6y =3+Inx?
(f) x2y"=(x*+2X)y '+ (x +2)y =x>

() (x -2’y "+(x +2)y +y =0
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6- Reduction of Order

The general solution of a homogeneous linear second-order differential equation

d’y dy
gz(X)Cb(—2+gl(X)d—X+go(X)y =0

y =Cy,+CY,

Y, is given

oY, =uUyy

y,=uy,

the standard form
y"+P(x)y+Q(x)y =0

—IP(x)dx
e
LY. = le.T dx

1

Example 13 : find y> for differential equation if y; is given

(@ y"-y=0 y, =€
(b) x°y "=3xy +4y =0 y,=x?
(€) xy "+y'=0 y, =Inx
Solution: () y"-y =0 y,=¢e"
P(x)=0
.[Px Ide e .[de
dx =e dx =e”* dx =
e [ ==

:eXJ'e*ZX dx :—%ex

C, _
y =Cy,+Cy, =y =ce” -—Ze

2
Solution : (b) X’y "=3xy '+4y =0 y,=x?
(x?y "—3xy “+4y =0) +x 2
3 3
y ——y + y =0 P(x)z—;
—JP(x)dx - *de 3Inx
Y, =y [———dx =x*] dx = x j

:xzjldx =x2Inx
X

=C,y,+C,y, =y =CX2+cC,x°Inx
171 27 2 1 2
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Solution : (C) xy "+y '=0 y, =Inx
Xy "+y'=0 y,=Inx
(xy "+y '=0) +x
y II+1y |:0
X
1
P(Xx)=—
(x)=
e’J‘P(X)dX e7 Xidx g ~Inx , elnx’1
y,=Y,|————dx =Inx dx =Inx dx =x dx
2 1'[ y? '[(Inx)z '[(Inx)2 ‘[ x*

1 > dx :Inx(_—lj:—l
) Inx

y =Cy; +Cy, =Yy =¢,Inx —¢,

H.W 12 : find y- for differential equation if y1 is given
(@ y"-4y '+4y =0
(b) y"-y =0
(c) 4x*y "+y =0
(d) y"+9y =0
(e) x?y "-3xy +5y =0
)] (1—2x —xz)y "+2(1+x)y -2y =0
(9) (1—x 2)y "+2xy '=2xy =0

yl =e2x

y, =coshx

Y, =Jx Inx

y, =C0S3X
y,=x?cos(Inx)
y,=1+X

y,=1+X
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7- System Linear Differential Equations:
x =g(t) aDx +bDy =F,(t)
y =f (t) D:j—t cDx +aDy =F,(t)
F(t) bD aD F(t)
aD bD|[x] [F(t) _|R(t) dD D Ry(t)
ed dd|ly|” |F(t) *~“aD 1D V=D 1D
cD dD cD dD

Example 14 : Solve the system of differential equation

2dl+x+d—y=t
d dt
3d—X+2dl_y:O
dt  dt
Solution :
2Dx +Xx +Dy =t (2D +1)x +(D)y =t
3Dx +2Dy -y =0 (3D)x +(2D -1)y =0
2D+1 D
) 3D+ 2D_JJ:(ZD+1)(2D—1)—(3D)(D):D2_1
t D
=l 2p_q=(22-D(1)=(P)(0)=2D (t)-t =2t
2D +1 t
! :‘ 3D o=(2D +1)(0)-(3D)(t)=-3
X =X, +X,
Yy=Y,t+Y,

Homogeneous solution
Wx, =(D*-1)x, =0
Wy, :(Dz_l)Yh =0

r’-1=0 r=1 r,=-1

X, =Ce'+Ce™ y, =Cg'+Ce™
W 2—-t ) 2

X = =D2—_1:(—1—D )(2-t)=(-1)(2-t)-D*(2-t)=t -2
W -3

Yo == Dz_lz(—l—Dz)(—3):3
X=X, +x,=Ce' +C " +t -2

y=y,+y,=Ce' +Ce™" +3

< Ans

< Ans
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Example 15 : Solve the system of differential equation

Zd—x—x er—yzet
dt dt
3d—X+2dl+y:t
dt dt
Solution :
2Dx —x +Dy =e' (2D -1)x +(D)y =e'
3Dx +2Dy +y =t (3D)x +(2D +1)y =t
2D -1 D
= =(2D -1)(2D +1)-(3D)(D)=D?*-1
o =(2D-1)(20 +1)-(30)(D)
w, - P —(2D +1)(e')-(D)(t)=3' -1
“ It 2D +1
2D -1 e'
W, = =(2D -1)(t)-(3D)(e' )=2-t -3'
=21 ¢ l=(ep -10)-(30) )
X =X, +X,
y:yh+yp

Homogeneous solution

Wx, =(D*-1)x, =0

Wy, :(Dz_l)yh =0

r’-1=0 =1 r,=-1
x,=Ce' +C.e™ y, =C

o W, ¥ -1 e _( 1 J_
W D*-1 (D?*-1) \D*-1
y Wy _2-t-% (2-t ) o e
w  D’-1 \D*-1 D?-1

4 3
X=X, +x,=Ce' +C e +=te' +1

y=y,+y,=Ce' +Ce" +t —2—gtet

t ~t
£ +Ce

t

3(%)—(—1— D2)(1)= 3(;‘11]—(—1— D?)(1)= gtet +1

5

t

j:(—1—D2)(2—t)—3@e—

< Ans

<1 Ans

:t—2—§tet
2
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Example 16 : Solve the system of differential equation

(2D?+3D -9)x +(D*+7D —14)y =4
(D +1)x + (D+2)y =—-8*

Solution :

_|2D?*+3D -9 D?+7D-14
D+1 D+2

W =D°-D’+4D -4=(D -1)(D* +4)

4 D?+7D-14

W

=(2D?+3D -9)(D +2)~(D +1)(D? +7D ~14)

Wx :_Sezt D42 :(D +2)(4)—(D2+7D _14)(_8e2t):8+32e21
2D*+3D-9 4

W, =" T a|= (207 +3D -9)(-8e® ) (D +1)(4) =4 - ace”

X =X, +X,

Y=YntY,

Homogeneous solution

Wx, =(D°~D?+4D -4)x, =0

Wy, =(D3—D2+4D—4)yh -0
(r—l)(r2+4)=0 r=1 r,, = +2i
X, =Cg'+C,cos2t +C,sin2t

y, =Ce' +C,cos2t +C,sin 2t

8+32” 1
X, = = 8)+32
P D°-D?*+4D -4 (Ds—D2+4D—4]() [D

2t
=(—1—Rj(8)+3z e P
4 4 2°—2°4+4%x2-4

~4-40e” 1
= = ~4)-40
Yy "D _D?+4D -4 (D3—D2+4D—4j() [D

2t
=(—3—RJ(—4)—40 __° ~1-52
4 4 227 14x2-4

X =X, +X,=Ce'+C,cos2t +C,sin2t —2+4e™

y=y,+y,=Cge'+C,c0s2t +C,sin 2t +1-5e*

eZt
3—D2+4D—4j

e2t
3—D2+4D—4j

<Ans

< Ans
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Example 17 : Solve the system of differential equation
(D+1)x +(D+2)y +(D +3)z ="
(D+2)x +(D +3)y +(2D +3)z =e™
(4D +6)x +(5D +4)y +(20D -12)z =7e™"

Solution :

(D+1)x +(D+2)y +(D +3)z ==
(D+2)x +(D +3)y +(2D +3)z =e ™
(4D +6)x +(5D +4)y +(20D -12)z =7e™
D+1 D+2 D +3 D+1 D+2 D+3 [D+1 D+2
W=D+2 D+3 2D+3|=|D+2 D+3 2D+3|D+2 D+3
4D +6 5D +4 20D -12| |4AD+6 5D +4 20D -12/4D +6 5D +4
W =-D*+6D*-11D +6
-' D+2 D+3
W,=le’ D+3 2D+3 |=(-18D°-27D +63)(e")=72"
7" 5D +4 20D -12
D+1 -e' D+3
W,=|D+2 e' 2D+3|=(21D°-6D -51)(e")=-24e"
4D +6 7e' 20D -12

D+1 D+2 -
W,=D+2 D+3 e |=(-2D"+9D +11)(e")
4D +6 5D +4 Te™

X =Xy +X,

Yy =Y+,

Homogeneous solution

Wx, =(-D®+6D’-11D +6)x, =0

Wy, =(-D°+6D*-11D +6)y, =0
—(r-(r-2)(r-3)=0 =1 r,=2 I
x, =Cg' +Ce* +Ce*

y,=Cg'+Ce* +Ce*

0

Il
w
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w 727 e L
Xp=r = 3 2 =12 3 2 =3
W  (-D*®+6D*-11D +6) —(-1)°+6(~1)° -11(-1)+6
Wy _2467'[ eit _t
yp == 3 2 =— 3 5 =—p
W (-D°+6D*-11D +6) ~(-1)’+6(-1)" -11(-1)+6
y _WZ — O —
° W (-D*+6D*-11D +6)
X =X, +x,=Ce'+Ce* +Ce* +3™ 4Ans
y=y,+Y,=Ce'+C e +Ce* —e” < Ans
z=z2,+2,=Ce'+Ce* +Cge” <Ans

H.W 13 : Solve the system of differential equation

@) (D2+5)x2—2y =0
-2x +(D“+2)y =0
(D +)x +(D -1y =2
X +(D+2)y=-1
D’x —Dy =t
(D +3)x +(D +3)y =2
(2D*-D -1)x —(2D +1)y =1
(D-)x + Dy =-1
D?x —2(D*+D)y =sin t
X +Dy =0
(D +2)x +(D +1)y =sin2t
5x +(D +3)y =cos2t
Dx +z =e'
(9) (D-D)x +Dy +Dz =0
X +2y +Dz =¢e'

(b)

(©)

(d)

()

()
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8- Determination of D.E. if its solution is known

Example 13 : Find D.E if solution is given
(@) y =C,cosx +C,sinx —x
(b) y =Ce* +Ce* +10
(c) y =Cpe” +C,xe* +4x
(d) y =e®(C, cos3x +C,sin3x )—5x

Solution : (a) y =C,cosx +C,sinx —x

y =C,cosx +C,sinx -x  ——————— [1]
y'=-C,sinx +C,cosx -1 ——————— [2]

y "=-C,cosx -C,sinx ~ ——————— 3]
eq[3]+eq[1]=

y "+y =-C,cosx —C,sinx +C, cosx +C,sinx —x
y"+y =-X

Solution: (b) y =Ce* +C e +10

y=Ce*+Ce*+10  ——————- [1]
y'=Ce*+2Ce* = —————— [2]
y"=Cg*+4Ce”* @ ————— 3]

, = Ze_zxy subineq[2]
! X X y"_yI
y'=Ce* +2e? ( P~ j
Clzy ;rXZy C,&C, subineq [1]

y =Ce* +Ce* +10

y =(y +X2y )ex+(y Y jezx +10
e 2e

y =y "+2y '+%+10

y"-3y '+2y =20 < Ans.
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Solution: () y =Ce* +C,xe* +4x

y =Ce* +C,xe* +4x
ey =C,+C,x +4xe™

ey'—e 'y =C,+4(-xe ™ +e ™)

(e™y"—e™y')-(e™y'—ey)=4(xe” —e* —e™) xe
(y =y )=(y-y)=4(x-2)
y"'-2y'+y =4x -8 <Ans.

Solution : (d) y =e® (C,cos3x +C,sin3x )-5x

y =e*(C,cos3x +C,sin3x )—5x ————[1]
ey =C,cos3x +C,sin3x —5xe >
e?'y -2y =-3C,sin3x +3C, cos3x —5(-2xe * +e ") ————[2]

(e™y =2y ")-2(e ™y ~2 "y )=-9C, cos3x —9C,sin3x —5(-2(-2xe ** +e > )-2e |

2X

e (y"-4y "+4y )=9(-C,cos3x —C,sin3x )+20e ™ (1-x) xeg

Lo 4o 2 : 20

§(y —4y "+4y)=— (C,cos3x +C25|n3x)+?(1—x) ————[3]
eq[3]+eq[1]=

1

9(y "—4y "+4y)+y =e* (C,cos3x +C,sin3x )—5x —e* (C,cos3x +C,sin3x )+%(1—x)

1 y "—4y "+4y )+y =-5x +@ 1-x x9
9 9

y "—4y "+4y +9y =—45x +20(1-x)
y "—4y "+13y =20-65x < Ans.
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9- FOURIER SERIES

If f(x) is continuous and —¢ <X </( or 0<Xx < 2/¢then its possible to write :

f(x)

&, D 4, cos X +> b, sin nzx
2 n=1 C n=1 (

or
f (x)—i+a1cosﬂ+a2coszlx+agcos3lx+a cos X,
2 l ( ¢ ¢

37X . AxX

+blsin%+bzsin2%x+b3sin +b4sm7+...

Y y
A A

\J

Y

2L

A Fourier series is a representation of a function as a series of constant multiples of sine
and/or cosine functions of different frequencies.

o, O g
ANANS MUY T
] | | i | | [ |

| | | |
—27 =1 0 Nt 120 ,:. ~27 -7 0 n 2n ’:
i’ [ ! I \_\ f I !i [ | ]
L —1 - -1

-2 = (8] n 2 =2m -7 8] lft 2n
|
| | L —_.q -] M

{c) (d)
Figure Plots of fy(¢) for a square wave: (a) N=1; (b) 2: (¢) 3: (d) 20.
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sin(A+B)=sinAcosB +cosAsinB
sin(A—B)=sinAcosB —cosAsinB

sin(A +B)+sin(A —B)=2sinAcosB

sinA cosB :%(sin(A+B)+sin(A—B))

Let u=A+B v=A-B
A:u+v |3:u—v
2 2
) ) . (U +V u-v
sinu +sinv =2sin| —— |COS| ——
5 el 5

cos(A +B)=cosAcosB —sinAsinB
cos(A —B)=cosAcosB +sinAsinB

cos(A +B)+cos(A -B)=2cosAcosB

cosA cosB =%(cos(A +B)+cos(A-B ))

u+v u-—v
COSU +Ccosv =2c0os| —— |cos| ——
2 2
. (u+v ). (u-v
COSU —Ccosv =-2sin| —— [sIn| ——
2 2
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Integration of Trigonometric Function

< nax ( nzx [ ( !
(1) 1 =|sin—=dx :——cos—L =——[cosnz —cos0]=-—[1-1]=0
9 14 nrz 14 nrz nrz
2/ 2L
(2) 1= [ cos 7% gx = ¢ sin x| ¢ [sinnn—sino]zi[O—O]:O
9 ( nz t y nx nz
2/
(3) 1= [ sin 277X gjn M7X 4
2 14 14
(|) m #n
2¢ 2¢ .
I :Isin n;;x smm;[X dx :—% {co (n )”X —cos(n m)ﬁx dx
0 0
21 2/ _
:—% co (n +m)7zx dx +%jcos(n T)ﬂx dx =0+0
0 0
(ii) m=n
20 20 20 2
I :Jsinande :Ej (1—c032nm( jd :EJ‘dx 1 osznﬂx dx
) ( 21 ( 217" 2
~~(20)-0=1
2/
4 | =|sin nzx cosmﬂx dx =0
(4) 1=]
S ¢
2¢ _
(5) I:Jcosn” cosmﬂxdx={f m=n
) { 0 m #n
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Determination of Euler Coefficients

; ! X 27X 37X 47X
(x)—E+310057+a2c037+a3cos—+a4cos—+...

+blsin%+bzsin ZZX +D,si n3—x+b s'n4LX+
(1) & =7 tofind g, integrate both sides from 0 to 2(

I —jf dx—a°de +a1j cos—dx +a2j cos—dx+ [
+b1£ sin%dx +b21|; sin%"dx n
:%(x El)dx =g !
2L 4
ao:%'[f (x )dx =%jf (x )dx
0 —{
(2)

2/

2¢ 2/ 2/
J'f (x)cosmdx :ij‘ cos X dx +31I cos 2 cos X gx +a2J' c0s 2% cos "X i
] ( 2 ] S ( ]

a, =7 to find a, multiply eq(1) by cos% and then integrate both sides from 0 to 2/
| =

+h, | sin”X cos X gx +b, [ sin 27X cos V™ (ix
J T ‘

. N7X _ NxX
S +bn_[ sin cos dx
0 ( 0

20

Jf (x )cosn%xdx =3,/

0

20

~la, :;j (x )cos—dx ——jf cos—dx

(2)

b, =? to find b, multiply eq(1) by sin% and then integrate both sides from 0 to 2/

2(

bn:—Jf (x)sinnLde_—Jf sande
l L

0
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Example 19 : Find the Fourier series for the periodic function defined by :

@ f (x)=x

O<x <3

1 O0<x<1
®) 1 (X):{o 1<x <2

() f(0)=0> 0<6<2r
X -2<x<0
(@ ()= O<x <2
(e) f (x)=x —2<X <2
Solution: (a) f (x )=x 0<x <3
Y
A
3 6 12
2(=3 = g:§
2
f(x)=x
1% 1 2[ x?
—|f (x)dx = Xdx ==| —| =3
o= Hfrwoc-—-roc-{ ]
2

b, :lj'f (x )sinnixdx =—|xsin—dx =——
14 14 3 4

2% N X 6

0

f (x):$+ y ancos%+ibnsin%
=1 =1

n
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Solution: (b) f (x)z{l O<x<l
0 1<x<?2
y
A
> x
2 1 1 2 3 4 5 6 7 8
2L |
20=2 = (=1
f(x)=1
12[ 1 1 2
:ZJ'f (x )dx =T(Ildx +J1.dej:(xt)=l
1 2
Jf cos N7ZX dx = ! {J‘lxcosn%xdx +J'Oxcosn%xdxj
1
:isinnﬁxﬁ:—[smnﬂ sin0] = 1 —[0-0]=0
nz nz nz
1 2
:—If sm ! jlxsinnixdx +I0xsinnixdx
( 14 1 1 1
1 1
:——cosnsz=——[cosn7r—coso] —[1-cosn~]
nz Nz
f (x :E+Zan cosTJer smmzx
1 1&1
f(x)= E p _1n[l cosnz]sinnzx
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Solution: (c) f (9)=6> 0<60<2r
f(6)
472
/I /J
' /
7 s
|,// L//
—47 27 0
20=2rx = l=rx
f(x)=x

12[ 1 27 1
:Ejf(e)dez - JPdx = - [
2z

j&zcos

0

jf cos %46 -

T

_ L [an sinnd + 26n cosné — smne]ﬁﬂ

7zn

n’

12[
b, :Zj-f (6)sin

0

=$+ia\1 cosm +ibn smLX

f(x)=*2

nz@

nln nln

42—cos nx — 47zz sinnx

nnelgz

T

:i[4(nn)zsin 2nz +4zncos2nz —sin Znﬂ}

2r
dé= L j@zsinn—mgdez
14 T T

1 27
- j ¢ cosnéfd o
T

4
=

n

A
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X -2<x<0

Solution: (d) f (X):{X 0<x <2

f(x) &
f(x)=Xx
~_  2F 1 N
~ /// \\.\ \\\ /// N
S0 | ~ | N LY | ’
—4 -2 0 2 4 6 X
20 =4 = (=2
f(x)=x
2/ 2 4 22 5
3o=lff (X )ax -1 [xdx + [—x dx _L XX
KO 2 0 2 2 2 22

x nx

1 1( 3 N X r N X
a, :—jf (x )cos—dx == Jx c0s——dXx —jx c0s——dx
( ( 2|4 2 ) 2

0

2
1( 2 . hxX 2 ’ nXx 1{ 2 . nxX 2 ’ nX 2 ’
== —xsin——-| — | cos—— || - =| =—xsin———| — | cos—— || =| —
2\ nrx 2 nx 2 2\ nrxr 2 Nz 2 i nrz
2 nX 1( % NX . nzX
=== [ (x)sin——=dx = | [x sin——=dx — [x sin—~dx
( 2|4 2 ) 2

0

2
2 nzx (2 Y . nzx 1 2 nzx (2 Y . nzx 8
— X COS + SIn ——| ——XCOS———+| — | SIn =
nrz 2 Nz 2 2\ nrx 2 nrz 2 i Nz
X n
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H.W 14 : Find the Fourier series for the periodic function defined by :

0 -2<x<0

(@ f(x)=41 0<x<1

(f)f(x)={

@) f (x)=

(h) f (x)=

(i)f(x)={

0 f(x)=

)1
-
(d)f(x)={
<x>—[

2 1<x<2

0 —-7<x<0
X% 0<x<nx

X O<x <

2

T T<X<2m
-Xx -5<x<0
1+x® 0<x <5
2Xx -3<x<-2
0 -2<x«<1
X2

1<x <3

cosx —-2<x<0
sinx 0O<x<2
1 0O<xx<l1
0 1<x<3
-1 3<x<5
-2 A<x<=2
1+x> -2<x<2
0 2<x <4

X

e —Xx —-mT<x<0

e +x O<x<rx

0 —7T < X <_Z
2
T+ 2X —Z<x <0
2
T+ 2X 0<x <%

0 z<x<7r
2
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9.1- Even and Odd function

1- Even function f(x) = f(-x)

2n

Ex : x*" , cos(nx)

£

(- x)

(x)

f(x)

abz%ﬁf (=x )dx +:[f (x)dx}

- jf()cos_d“jf cos—dx}

0
_[ —f (x )sm—dx +_[f smnixdx
¢

L (x :—+ZancosT

_%Hf (= )dx +ff (x )dx}_%ﬁf (x ) +j:f (x )dx}_ %jf (% )dx

ﬁf( )cos—dx +jf cos—dx}

:% I —f (x )cos—dx +If cos—dx}

[
ij‘f (x )cosmdx

0

bn:—ﬁf( )sm—dx+jf smnixdx}

} Df sm—dx +jf

—jf sm—dx +jf sm—dx}_@

N X
sm —dx
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2- Odd function f(-x) = -f(x)
Ex : x2™1 | sin(nx)
f(x)
£(x)
(- x)
0 [
a, :—Df (—x )dx +If (x )dx}
- 0
1' 0 L 1 - ¢
=3 —Lf (x )dx +jf (x)dx}_{!f (x )dx +£f (x)dx}
1: f
=3 !f X )dx +jf dx}_@
0 0
a, :%Uf (- )cos—dx +If cos—dx} i“ —f (x )cos—dx +jf cos—dx}
iy —L
:% :([f (x )cos—dx +If cos—dx}
1] ﬁf f ( X 4 |=[0]
=7 —! (x )cos—dx +J. cos—dx

.[f (x )sinn%xdx

0

0

b, = ﬁf( )sm—dx+jf

[t (x )sm—dx +jf

Zb sin 77X

sm—dx}
nzx 1 N
sm—dx = —If (x )sm—dx +.|'f sm—dx
0
A V4
+[f (x (x )smnixdx} %If (x )smnixdx

0
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Example 20 : Expand in Fourier series for the whose function in one period is f(x)=x -1<x<1

Solution: (a) f (x)=x  -l<x<1

The function is odd a =0 a =0

L
b, =2If (x )sinnLde
o) (

f (x):ibnsinnix
n=1 f
(=1

1 1
b, :ij sin X gx = ZJX sin(nzx )dx
10 1 0

—X 1 . -2
=2| —cosnzX + >SINNzZX | =—cosnrx
¥/ (nﬂ') A 14

f (x):i(_—zcosnﬁxsin%j=_—2i(lcosnnxsin nyzxj

n\ N7T T h=2\ N
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Example 21 : Expand in Fourier series for the whose function in one period is

Solution: (a) f (x)=[x| -l<x<1

Y

The function is even b.=0

n

2

X 21 X2
qJ:Z.[f (x )dx :I-!de :2(7] =1

0

0
[ 1 1
a, :Ejf (x )cosnixdx :ij cosnixdx =2jX cosnzxdx
(g ( 14 1 0

X . 1 2
=2| —sinnzx + ——cosnzx | =——[cosnz —1]
e (n7) (n7)

0

f(x) :%+ gan cos% :%+%Z‘%£[cosn7z—l]xcos%j

H.W 15 : Find the Fourier series for the periodic function defined by :

f(x) &
) 1(0) 4
f(0)=62
w2} \
T | Y T e L /\ /\ /
| | | | | "
Ll —27 —7 0 T 27 P
fx) &
f(x) 1 y=Ccos x
B f(x)=x N N
b T \ \\ \\
i \\\ ~o \\ \ . k! »
L \\\A ~. . \\ —a N 0 \T \ 27 ;
s \ | N s > \ \ \
2 —ar 0 T 27 x AN AN \‘\
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9.2- Half — Range Fourier Series

When f(x) is define for 0<x <. Required to define the function f(x) for -/ <x <0

F(x)

9.2.1Casel
f(—x)=0 —(<x <0
f X):f (1) 0<x </
f(x)
f(—x)
L ‘ L
1'q l 1£
a, :Z_:[(O)dx +£f (x )dx}:ﬂ;f (x )dx
0 0 ‘
a, 1 '(O)cos_nﬁx X +If (x)cosmdx =1J'f (x)cosmdx
o, ( ] ( 09 (
[0 4 l
b, 1 .(O)Sin_nﬂx X +If (x )sinnixdx :ljf (x)sinnixdx
o, 0 ) ( ‘9 0

wof(x ):i+iq] c;osnLXJribn sin 77X
2 n=1 f n=1 f
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9.2.2 Case 2
f(—x)=f(x) —(<x <0
f(x)=f(—x) 0<x </
£(-x) £(x)
A
L L
(
anz%_[f (x )dx

L V‘ L
f(—x)
The function is odd a =0 a =0

0 n

:—If sm—dx

Zb sin 17X
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Example 22 : Calculate the half-range Fourier series for g, 0<x <2 where is constant q,

Solution:
f(x)
A

Y

1§ nzx g (. nox Y\ q . .
ar1:§JquOS > dx = (sm > jLz (sinnz —sin0)=0

a nz nz
1% nzX nzx \ 2
b, :—jqosinidx :—q—"(cosij :—q—"(cosnﬁ—coso):i
29 2 nrz 2 nrz nz
f (x)_i+2qcos—+2bn3|nix
n=1 n=1
g 20, <1 _. nzxx
f(x .+ —2» —sin——
( ) 2 nZ:;‘n
d, Zq{. ax 1. 3zx 1. 5zx 1. 7zax }
f(x)==2+—2|sin—+=sin=———+Zsin=——+=sin——+...
2 2 3 2 5 2 2

Example 23 : Calculate the half-range Fourier series for g, —2<x <2 where is constant q,

Solution:
£(x)
A
q.
2 2 > X
2 ¢ 2 ¢
a, _ZJ; (x )dx =§_C[(qo)dx =20,
h nzx 2% I
a, —jf (x)cosde :Ej(qo)cos—dx =0
0 0
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Example 24 : Calculate the half-range Fourier series for g, —2<x <2 where is constant q,

Solution:
£(x)
A

Y

The function is odd a =0 a =0

0 n

2
:_jf )sin —dx :=Ej(qo)sinn%xdx

0

- % (cos X jL =—2i(cosn7r—cos()) S}
2 nr nr

Zb sin 17X _ 4% Z sin 12X
T4

_4q, 1 . 37X 1 onx 1 . [nX
sin”X 4 Zsin X 4 Zsin 22Xy Zsin P 4
p/a 3 2 2 7 2

o0
1
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9.1- Impulsive function
P X =a > x
f(x)=
0 elsewhere
or f(x)=P&(x-a)
Expand in half-range sine series
> X

The function is odd a,=0

bn=g.fEsin—dn7zx x:2P (— ¢ cosnﬁxj
N ( ,

(

nNrza nmze

.. N . N
=— COS COS —-SIN——SIN———-C0S——
nze ( ( (

(

When e >0 cosn—:l

nze

_ 2P [%n/;é_ nze . nza

_ 2P —J:m{sin nza)_2P . nma
e | 0 ( ( (
f (x):ibnsin%
n=1 -

f (x):%isin nZ&sin n;zx
=1
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10- Applications of Fourier Series

10.1- Deflection equation of simply supported beam

dly _a(x)
dx*  El
£(x)
A
q(x)
Note
2
d ); M Moment L >
dx El L
3
d 3; -V Shear
dx I
4
d { W oad
dx El
Expand in half-range sine series
) £
a(x)=b, sin = bnzgjq(x)sinmdx
n=1 ﬁ E 0 K
Let y(x):ZCnsinn%x
n=1
to satisfy the boundary conditions y =0 at X =0&/

y(O):iCnsinnﬂK(o):O and y(ﬁ):icnsinnﬂTwzo OK.
n=1 n=1

dty :q(x)
dx*  El
dly & nz nzx
=>»C | —|sin—-
dx* Z; ( ( )
o NzX
b sin "~
=R El
o0 4 o0
nz) . Nnzx b, nzX
> C,|— |sin = sin
o (ot
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Example 25 : Find the deflection equation for simply supported beam with uniform distribution load
using Fourier series method.

HHH#HH
A\/QA QB,/Q.

— X \[11 dXxX ‘

L |
Solution :
N X b ¢y
X C sin—— C =—"| —
y ()= Z { " E|(I’]7Z'j
. NxX

b =—|qg(x)sin——dx X)=
: flq() ; 9(x)=0

14 {
b, =2jq Sm—dmX x =2 _[sm—dnm( & (—icos—mx j
0 ) U o

> (Cos nzf —COS m;()j - (cosnz —cos0) =2—q(1—003””)

nz nz nz
:2—q(1—(—1)):ﬂ n=13579,.... w  Odd —Function
Nz Nz
c, = (Lj—c K
" Ellnzx " El (mz)5
= 0 onzx 490t &1 . nax
X)=)> C_sin = —Sin——
y (x) ; " 4 7°El ;nS 14
at Mid-Span X =§ Y exact Z%:O.OBOZO%SBBB%
()
4900 &1 o/ Mqlt&H 1 . nrx
X =—)= —-sin = —sin—
v ) 7El ;ns 14 7°El nz;‘ns 2
n=1 y :0.01307105457% Error =0.3857%
q
n=3 y :0.013017264ZZE Error =0.0274%
qc
n=21 y :O.Ol3020834565 Error =0.0%
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Example 26 : Find the deflection equation for simply supported beam with concentrated load using
Fourier series method.

P
a 1«-[)—-—
A R 2 B
N [0,
- X Ymax
L
Solution :
£ a
q(x)=P atx =a bn:gJ-Psinnﬁde:ijsinnﬂxdx:0
‘9 ( ( ¢
Distribute P over small distance e
2°F nzx 4 ZP( ( nﬂXj TP nz(a+e) nza
= _[ —sin dx = - cosS =— cosS —C0S——
b4 nme 14 nze b4 [
2P ( nza __ nrxe nza . nze n;raj
=———| cos cosS —sin——=sin—— —cos——
nme b4 b4 { { [
W hen e >0 cos%ﬂ sin@:%
nzd nze g7 nd | 2P _Jm{sinmza _2P . nma
nze /SV ( ( ( e ( ( ( (
b, ( ¢ J“ 2P £ nra
.= — | =C, = 7 Sin
El El (nﬂ') b4
x nzx (2P & 1 . nza . nax
x)=> C_sin = —sIn sin
y(x) Z:: " 14 7°El Z‘n“ ( 14
it a=L  atMid-Span k=t yem=tL oo 020833333ﬁ
2 2 48E]|
nyzf Nz £
(PP T 22Pf3°°1.2n
X =—)= —sin sin —sin“ —
v 2) 7'El ;n4 14 7'El Z;‘n“
Pﬁ
n=1 y =0.02053196451—— Error =1.4466%
El
PA
n=3 y = 0020785445553 Error =0.2299%
PA

n=21 y =0. 02083301328—I Error =0.0%
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Example 27 : Find the deflection equation for simply supported beam with linear distribution load
using Fourier series method.

w

M
FASSON [ 5, A8
|
|

X max

Solution :

y(x)= ZC sin 1% c =D (LT
14 " El\nzx

. NxX X
b =—1qg(x)sin——-dx X)=0q—
ndqu . 9(x)=0-

{ 2
b, _[ i I X :2—?jxsm—dnﬂx ? ( jsin—nﬁx —Lx cos—mZX
(g L 3 14 14 14

:2q(—n7zcosn7z):r2]—q(—1)n+1 n=12234,5,...... 0
T

4 n+l
-1
Cn:bn(ﬂj:CHZng“( 2
El \nz 7El n

& x| 290 & (-1 nax
y(x)_nZ;Cnsm ; _72'5E|Z; Fsin—

at Mid-Span X =£ Yoract :5q_f4:0.006510416ﬂ
2 768El El

l
0, 2q i(—l)n+ i nz(,) 29t & (-1 oz

= = SIN
2’ FEl & R = =0 2

n=1 y = 0.00653552729% Error =0.3857%

4
n=>5 y = 0.00651072348% Error =0.005%
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10.2- Beam on Elastic Foundation

Simply supported beams on elastic foundation, k = subgrade soil reaction (spring constant)

Load
/A\ rea idthoeam

Winkler Concept k
Settlement

beam

p(x)

d'y _q-—ky
o E LTI Y
d4y K q 0 L >
e 1
dx * " El y El ( ) k
f %
bn :E‘[q(x)sin%x __ _______ _
q(x)= Zb sin n;;x ————— (2)
y(x)= ZC sin n;zx ————— (3)

4y s, H i (4)
n=1 4 (

Sub 2,3&4 into1l

ic (n”) sanX —ZC sin X _ Zb sin 17X

CM k],

C. - 4an4
(n7z) El + 0k
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Example 28 : Find the deflection equation (elastic curve) for simply supported beam on elastic
foundation with uniform distribution load using Fourier series method.

Solution :
q
EEEEEEEREREERER
n7zX B b, ¢!
y= ZC e Cn_(nn)4EI + (K
b =2fa00sn o q00-=q

‘ ‘
b, =zjq sm—dmx x =2 jsm—dmx & (_icos_nﬂx )
0 O AT A

> (Cos n;ﬂ —COS n7z£><0j:_ 2 (COS””‘COSO)=2—q(1‘C°3””)

nz nz nz
:rz]—q(l—(—l)):;ﬂ n=1357,9,...... oo  Odd - Function

T T
c__ bt o 4q(°

" (nz)El+¢k " (nz)El +nzlk

n7x oo NZX

X C.sin——=\4q/(" sin

y(x)= Z s Z VEI +n7z£4k (
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Example 29 : Find the deflection equation (elastic curve) for simply supported beam on elastic
foundation with concentrated load using Fourier series method.

vi F
| ' |
A LLLLLLLUL LI L] 4
ygtsiiidedsddaddataataiinl
3 L ~
Solution :
NX b ¢*
y(x)=)C, sin—- C, = .
Z ( (nz) El + %k
bnz%[q(x)sinn%xdx q(x)=q
0

2¢ . nxx 2P % . nxx
X)=P atx =a b =—|Psin dx = sin dx =0
q(x) n fj ; ﬂ .

Distribute P over small distance e

2°CP . nax 2P[ ( __ nax ][+e ZP( nz(a+e) nﬂa]
———¢0S cos—

bz—J—sm dx = = —CO0S——

"l e 4 (\ nme 4 nze
ZP( nza __Nze . Nza _. Nze n;za)
= cos oS —sin sin —CO0S
nsze 14 14 14 14 14
When e >0 cos%zl sinE=$
nzd nze g7 o | 2P _pﬂ?sinnﬂa _2P . nra
e / ( ( e ( ( ( I
C. - b 0 c - 5 2P (® sin 172
( )EI+£4k (nﬂ') El +nzl'k (
NnX > 1 . hra . nzxX
y(x)=>C, sin——=[2P sin sin
Z ( Z:;(nyz)SEl +nzl’k L (
if a=£
2
y(x)= ZPﬁz ! sin 2 sjn 77X

)E|+n7zﬁ4k 2 (
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10.3- Beam — Column Action

dy Pd% g
4 + 2 - T (1) B
X El dx El El El o
F I — e S J—
bn :%J.q (X)Sin%x 7///';%_/2 » ‘W
A L i '3
q(x)= Zb sin n;;x _____ (2)

TX

y(x)= ZC smnf
:—ZC ( jsm n;;x ————— (3)
0

Sub 2,3&4 into1l

0

ch(””j sin 17X _ P >C, (”—”j sin "X _ L $op in X
=\ o EET T ¢ El (

n=1
4 2
nz . P N7T) < . 1 >
C,|— -—C == =—D =
“szs ¢ El ”(f ZS ¢ El”z_S (
B 4 2
c. (nﬂj P (nﬂ”:ibn
) EIL7 El
b, ¢*
(nz) El —(nz() P

Example 30 : Find the deflection equation (elastic curve) for simply supported beam with uniform
distribution load and lateral force P action using Fourier series method.

Solution :
4q b 490
bn = Cn = 4 2 5 3 o
nz (nz) El —(nzl) P (n;z) El —(nz) (°P
nzx . nxX
X C sin—==|4q/* sin
y(x)= Z 14 X Z ( )ﬂZP 14
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10.4- Solution of differential equation

Example 31 : Use Half — Range sine series to solve the differential equation

f:ilxy y =0 at x =01
Solution :
‘;;{ fy=10 = e (1)
y(x)= ZC sin n;;x ————— (2)
f(x)= Zb sin n;zx ————— (3)

d2 Nz N X
— C —————(4

n=1

Sub 2,3&4 into1

—ZC (Mj si n—+Zc sin 17X 2‘b s-n%
n” M/m/”{m /VM{: W
3 HT”: n w1 =

[
bnzgjf (x)sin 7% gx
/ ¢

1 1

b, =gj105|nnixdx —ZOI sinnzxdx 2@(—LCOSH7Z'X j[

1+ 5 14 Nz

20 20 20
- = —c0s0) =2 (1- = (1-(~1

nﬁ(cosn;r cos0) n”( cosnr) n;z( ( ))
=4—0 n=13579,... oo  Odd - Function

Nz
y(x):ib—sm n7X _4OZ;sin n7X
o (nﬂ') —r nﬂ—(nﬂ')
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Example 31 : Use Half — Range Fourier series to solve the differential equation

2

ay W _y y=0at x=0,2

dx dx
Solution :
d’y  dy

_____ 1

dx 2 dx = )
y(x)= ZC sin m;x ————— (2) f(x)= Zb COSHZX _____ ()
dy 14 NxX
2 - >C. | —=|cos— ————— 4
» nZ:; n( . Jcos . ( )
d’y :_ic (n”jzsin LU (5)
dX2 n=1L " E ﬁ

Sub 3,4&5 into1l

o0

—ch(n—”j in 77X ZC( jcos X :ancos—nﬂx
n=1 f K n=1 f
ZCn ( jsinnﬂ+(n”jcosnﬂ => b, sin 27X

{ { ( 14

n= n=1
-b, cos X
C:n: 2 .
nzYy . nzx (nzx nzx
sin + cos
(7 Jan o7 Jm
b, cos X
where (=2 = C,= 5 2
nzYy . nzXx (nzx nX
sin + cos
7)o e
Cn( j( 1)2b n=2,4,6,8,....n even
nz

¢ 2 n
b, =3If (x)sin 2 g =2Ix sin X gix =(ij(—1)z n=2,4,68,..n even
14 14 2+ nzx

C, = -(-1"| n=2,4,68,....n even
(nﬂ)
o0 . 8 o0
y(x)=)C,sinnzx =
n=2 71-
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Example 33 : Use Half — Range sine series to solve the differential equation
d’y 1
+2y =50 X —— =0 at x =0,1
dx 2 Y ( 4) Y
Solution :
2 nzx
dxy2 +2y =q(x) ————- (1) q(x)= Zb sin 2% (2)
“ . NaX d’y - nzY . nzx
x)=>»C sin—  ————— 3 =—>»C |—|sih—— ————— 4
()= 3.¢,5in " ® z[g} g (@
Sub 2,3&4 into 1l
—ZC ( jsm +ZZC sm— Z in 7%
=1
nﬂ /ﬂyr{ Lo /n/rwr( _ /n/rwr(
2
C,|l2- —) =D, = Cn:b"—g2
L 2(* —(n7)
2°CP _nax, 2P( ¢ __nmx Y\ _ 2P nz(a+e) nza
b, =—| —sin dx = - Ccos =— oS —C0S——
l e { ( nze ( nze ( {
2P ( nza ___ nme nza . nze nﬁaj
=— cos cosS —sin——sin—— —cos——
nze ( ( { ( (
When e >0 cos%:l sinE:%
2P n nze . nrza n 2P ( ps#€ . nza) 2P . nxa
=———| Cco — sin — €O =— — sin =—sin
nze / ‘ ‘ ( ( D6 ( ( ( (
y(x)=§: 2P/ Zsinnnasinnﬁx
n=1 262 —(nﬂ') { 14
P=5 a=1/4 (=1

y(X):Z 2x5x1 Sinnﬁsinnﬂx :Z 10

> =sin n”sinmrx
n:12><12—(n72') 4 1 n:lz—(nﬂ')
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10.5- Steady — State Force Vibration

d 2 Free-body diagram
M r :ZF in direction of the motion &

dzy dy C% K(v+h)
M —ky +F(t) '

dt? dt c|L] . I T
MdZ+Cdy+ky F(t)

d d Equilibrium

i_': position Mg

M

Example 33 : Find the Steady-State Force Vibration for M=1 kN.sec? /m , C=0.1 , k=50 kN/m.

Y
A

5
X
-
>

2L |
Solution :
d’y  ~dy
M C—+ky =F(t
a " dt t)
d%y . 40y
0.1—+50y =F(t
g a0 (t)
20=2 = (=1 f(t)=5
1% 1t
== |f (t)dt ==|5dt =5
4= [1 ) 1!
20 20
a, :% [ f (t)cosn—zﬂdt :}J.SCOS(nn‘t):it =0
0
20
bn=1 f(t)sinﬂdt— J5SIn n;;t)dt_E
s 14 Nz
:_+Zancos—+2b aht _5 103 nsin(nﬂt)
n=1
2 e}
1Y v01% 450y - 25+Ezlsin(n7ﬂ) (1)
dt? dt ~in
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Yo =A +§:Mnsin(n7z’[)+iKn cos(nzt)

n=1 n=1

—ZM ) (nn)zsin(nzzt)JriKn (nzY cos(nat)

n=1

+0. 1{i (nz)cos(nzt) iKn nz)sin nﬁt)}
n=1

o0

+50{A+ZM sin(nzt +i , cos(nzt }:2.5+Ezlsin(nﬂt)

. 50A :2.51 A —0.05n=1 o
(50_(nﬂ)2)mn_o.1(nﬂ)+<n:% ———(a)
01(n7)M, ~(50-(nz) )K, =0  ——=~(b)
Solve
v - 3—1000(50—(n7r)2) _

(nz)' ~100(n)(50 - (nx |
K — 100

" (nxf ~100(50~(nz})

sub. in vy,

o ~1000(50 - (nz) o

Yo =0.05+) ( (n7) ) ~sin(nzt )+ 100

n-1 (n”)3 _100(n7[)(50_(n7z)2) n=1 (n;z)z _100(50—(n7z)2)

>cos(nzt)

H.W : Find the Steady-State Force Vibration for M=1 kN.sec? /m , C=0 , k=50 kN/m.

7 Y

: NAANS
J VY

\4
B
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10.6- Free Vibration of Simply Supported Beams

dx*  El

y (x)=ZCnsinn%X
n=1

© A
q(x)=3 b, sin X b, == [a(x)sin " x
n=1 ’g fo f
y (X ’0) = yStatic
dy _a(x)
dx*  El
dly & nzY . nzx
=>»C | —|sin——-
dx * Z;‘ ( ( j (
= nzx
B 4 D b, sin
ch(nﬂj sin X _
n=1 £ El
4
= 7)) . hxX = nzx
C | —sIn = Lsin
Z;‘ ( ( j ( Z‘ (
4 4
C. (”_”) _b c - (ij
14 El El \nx
b ¢ Y . nax
. (X)) = n Sin
yStatlc( ) ;EI (nﬂ'j f

Mr. Munther 2019-2020



Engineering Analysis Applications of Fourier Series 95

After the load removed

2

ATy
ot’
p = Density perunit Volume

4 2
dy _a(x)  _ dy_ pAdy

q__

dx*  El ox*  El ot?
Let Y, = Zf sanX
Sub.

El (nx
fr(t)+—| — =0
S0+ S V)
2
Let o = El (—j an:(n—”j E
PA\ L 14 PA
f."(t)+aif, (t)=0 Seound —Order DE
f,=C,cosat +C,sina,t
y(x‘t):i(An cosa,t +B smat)smn%x
n=1

Initial Conditions t=0

1) Z(x.0)=0

ot
(2) Y (X.0)=Yquic
a o0
Vo) =3 (-Aa, sinat +B,a, cosat )sin
ot ) (
0= i( -A,a,(0)+B, o, (1))S|nn%x
n=1
B,a, =0  where a, #0 B, =0
Yoy =§:(An cosant)sinn%x

n=1
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> b Y nX
= | — | cosat |[sSih——
Yoo ;(El (nn] " j (

Example 34 : Find the free vibration for simply supported beam with uniform distribution load using
Fourier series method.

Solution : e
P ¢ ¢ v ¥+ ¥ ¥ ¥ 4 33
] Xou
o -2
14 7P /79;;97

o - L —~]
Y Yo = ZLA'q—ﬂSCOSant)sin—nﬁx

=\ Bl (n2) ’ . m
cosa, (t +T )=cos(a,t +27)
o, (t+T )=at +27

ol =27 ez m

o
a,
Mode3 Qe i\
f _1 M
T
2
f :ian where a, :(n_ﬂ-j ﬂ
2r ( PA

f _L(n_ﬂj El
2\ [ PA

H.W 1: Find the free vibration for simply supported beam on elastic foundation with uniform
distribution load using Fourier series method.

H.W 2: Find the free vibration for simply supported beam with linear distribution load using Fourier
series method.
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11- Fourier Transforms

11.1- The complex exponential form

ni 7t nlzrt M _nii
0 p p 00 p_ p
%+Za”[e 2 J+Zb”[e 2ie }
n=1 =1
© ni zt . . _M
34_2 _Ib je p +Z(M)e p
2 n=1 n=1 2
Define
Cozi | ana”_ib” | C_n=a"+ib”
2 2 2
nlirt
ZC e P
d+2p
3
C :—:— f (t)dt
il
] d+2p d+2p
c,-a=B_LI] f(t)cos(ﬂjdt—i [1 (t)sin(nﬂtjdtj
2 2p p 4 p
d+2p
_ 1 j f(t){cos(mj—lsm(n ﬂdt
2p\ p P
d+2p nizt
=% f(t)e ° dt
. d+2p nizt
c =3t 1 e v gt
2 2p
Where :

e'? =cosO+isind
e ' =cosOd—ising

sin@ =

sin@ =
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Example 35 : Find the complex form of the Fourier series of f (t)=e™

-1<t <1
Solution
_ (+1D)—-(-1) _1
2
nlzzt
ZC e’
d+2p _Nizt 1 _nizt 1 _
C, S j f(t)e Pdt =i'|‘ete L dt :ije(“"””dt
2p 2x1° 27
_ _1 _(1+m”)t ][ (1+n|72') (1+ni7r) _eeniiz _e—le—niﬂ B e(elﬂ)n _e—l(e—iﬂ)n
o201+ ni;z) 2(1+ n|7z) 2(1+nix) 2(1+nix)
where
" =cosz+isinr=-1
e'" =cosr—isinr=-1
_ n_ -1 . n . -1 -
2(1+nirx) 2(1+nirx) 1+nix
(-0
=sinhl et
Z1+ niz
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11.2-The trigonometric form

n=1
., N 222 nzt . (nnt
f(t)=24Y /a2 +b’
) 2+;q‘+ {an+b2 (p] nlJaHbzsm(pﬂ

Let 'Abz% : A =, +b?
f(t)=A +iAn {cos( ptjcos;/n +Zsm( ;ﬂ Jsmyn}

n=1 =1
Nz
o =——
P
=A +ZAn cos[ﬂ—ynj
n=1 p
=A +§:An cos(ﬂ—n—”j
n=1 p p
=A +iAn cosn?”(t -1)
n=1
OR

0o s

=1
—A +ZAnsin(ni+5nj
n=1 p
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12-The Fourier Integral

Many problems in engineering do not involve periodic functions, and it is therefore non-
periodic functions cannot be handled directly by Fourier series. If in a periodic function: f,(t),
we let P approaches infinite, then f(t) is no integer periodic. Begin with complex form:

ni zt 1 p _M nlm'
ZCep , anﬁjf(tepdt— jf P de
_hizz nizt © 1 p _Nizr nizt
40 z( o] Lo ) £

Let frequency o, :n—” ,Aa):Z
P P

f (t)ziﬂ%e”‘” [, (f)ei%tdfjxm}

ei%t p ot
Let F(w)= ”_J;fp(r)e dr
fO=YF(a)xbo e (@

= I g(we'do0 0 o————- (3)

17 Siat
g(a))zﬂ_-[of (€ i E 2 ——— (4)

:\/ZTQ (w)cosat d w
72.0
. _ 25
..g(a))—\/;.c[f (t)cosat dt

S \/7J'g(a))sma)tda)
~g(w)= \/7J‘f )sin et dt

for Even f (t)

for Odd f (t)
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Example 37 : Find the Fourier integral of 4
F(t)
1 ti<1
f(t)= !
0 t]>1
1 1 >

Solution

The f (t)is even

~f () ffg(w)cosadw
~g(w)= \/ﬁ[f )cosat dt

2 2 (sinat 2 sin
g(a))z\/:j(l)coscotdt:\/:( . )[: ﬂTC’)

\/7I\/75ln60 :3 NP cosat da):gjisina)cosa)t dw
T, @ To®

:_J. sm(t +1Dw+sin(t —1)01}
T

2%sint +Do 2 Tsinl(t —l)a)
2jent o, 2jsnt Do
71-0
S, (t):jsmw do sine integral
0
tsinw i

S, (oo):j ” do= i

y y y
= ] ey
\ |
; la=8 | la=16 | @ 32
I.' ",I | | |
||‘ I‘, |I l\ | |
| \ |
| | \ |
AN, | A\J'II II'U' | | i pand
21 o 1Yok 2 90 1" 2% 2 1o 1 24«
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13-Applications on First-Order ODE

The mathematical formulation of physical problems involving continuously changing
quantities, often leads to differential equations of the first-order.

13.1- Flow through orifices

Consider a tank which contains any liquid and there is an orifice (hole) at its bottom
through which the liquid drains under the influence of gravity. Thus, the depth of water is
changed through time. In an interval of time dt, the water level will fall by the amount dy,

and the change of volume of liquid inside the tank is equal to the volume of liquid drained
outside the tank, i.e,

(dV);, =(dV)ue = Ady =-Q.dt,
where, e Ldy
A is the cross sectional area of the tank. T
Q is the discharge of liquid through the orifice =C, .av . l

C, is the coefficient of discharge.
a is the area of the orifice (hole).
vis the velocity of liquid leaving the orifice =/2gy .

(—Vve) the negative sign indicates that as t increases, y decreases.

Example 38 : An inverted right circular conical tank, as shown in the figure, is initially filled with
water. The water drains, due to gravity, through a small hole of radius at the bottom.
Find the height of water as a function of time and the time required for the tank to drain
completely.
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Solution:
(dV)i,=(dV),y = Ady =-Q.dt,

= Ady =-C,.a.v.dt,
=  mx°.dy=-C,.ar’./2gy.dt,

=  x%dy=-C,r®,/2gy.dt.

Ry R?y? 2 :
But X:T = dy=-C,r?/2g./y.dt. (Separable variables DE)

h2
. y_zdy__CdrzthEdt —R
S \/y > dt, -
N /[,
21,2 ZZ -
N ys/z_dy:_m_dt, T h
R® y
21,2
= gy5’2:——cdIr h ‘/ﬁuc. (G.S) i -
5 R2 Ry x R
= x=—"=—
Appling the initial condition (1.C); hy h

Initially, at t=0, the tank is filled with water, y=h,

yO)=h = §h5’2:0+C = C:%hf”z.

s Ey&s/z :_Cdrth\/ZQ .t+§h5/2 5/2 _5Cdr2h2\/29 t+h%'2. (p.s)

or y’ =
5 R 2R?
The tank will be empty when y =0,
212 21,512
0:_5Cdr h“y2¢ t+hs’2 = ‘o 2R*h '
2R? 5C4rh%,/2g

2 (RT h
or t=—-|—|.|—.
5Cy \r 29
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Example 39: A water tank, rectangular in cross section, has the dimensions 20x12m at the
top and 6x10m at the bottom and is 3m in height. It is filled with water and
has a circular orifice of 5cm diameter at its bottom. Assuming C; =0.6 for the
orifice, find the equation of the height of water in the tank with time, then
compute the time required for emptying the tank.

Solution: 12m N
(V) =(dV)o = Ady=-Qdt, '
=  Ady=-C,.avdt, ----------------- %dy
1 z
=  xz.dy=-C,.ar?./2gy.dt, ) 3m
10 25, ’
(2y+6)(§y+10)dy:—0.67z(m) J2x9.81y.dt, ;
2 [
= 20(%+2y+3)dy=—5.218><10‘3 y.dt, tom
(Separable variables DE) 2m
2
y 2y 3 4
( + +—=)dy=-2.61x10""dt,
3y Wy Wy
=N (% y3'2 4 2yt? 13y 2)dy=—2.61x107dt,
g 3y5’2+fy3’2+6yl’2:—2.61x10—4.t+c. (G.S) x-6 12-6
15 3 y 3
Appling the initial condition (1.C);
S X=2Y+6

Initially, at t =0, the tank is filled with water, y=3m,

soy0)=3 = 3x35’2+fx33’2+6x3“2=0+c,
15 3

= C=194.

. %ys/z+%y3/2+6y1/2:—2.61><10_4.t+19.4. (P.S)

The tank will be empty when y =0,
0=-2.61x10""t+19.4,

= t=74329.5sec
~ 20.65hr
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Example 39 : Consider a hemisphere tank is fall with water at t=0. Calculate the time of emptying?

Solution:
A =zx?
@V )., =Ady =zx“dy
Q =-C,av dt =-C,zr’/2gy dt

@V )y =-Qult
@), =@v)

out

zxdy =-C,zr?/2gy dt
wR*=x*+(R —y)2
x?=R2—(R -y} =R’—R’+2Ry —y> i

S X?=2Ry —y? ‘ ‘
(2Ry —y?)dy =-C,r?\/2gy dt y

(2Ry —y?)

dy =—C,r?,/2gdt 1
5 ar’yJ2g

I(ZRyz—yz)dy:>4%r2J§§]dt+c R-y

4 2 > 2
—y2=-Cyr*\/2gt +C X

3
_RyZ_
BC. att=0 y =R

3 5

The the toempty y=0

5

14R?

t o=
"™ Cy15r2 /29
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Useful expressions,
A=xL.

X_h-y

b h '
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13.2- Seepage of soil (Orthogonal Trajectories)

In many engineering problems, a family (set) of curves is given and it is required to find
another family whose curves intersect each of the given curves at right angle.

Consider the function f(X,y)=C where Cis a constant. By changing the value of the
constant C, a family (set) of curves are obtained for f(X,y), where each curve has one value

of the constant. It is required to find another set of curves which are orthogonal to the first
set. This is done by eliminating the constant C from f(X,y)=C by differentiation, and then

d d
replacing d_i of these curves by [—1/d—i] to get the required orthogonal set.

X f(x,y)=G
fnn =,

fxy) =C,

Example 40: Find the orthogonal trajectories of xy=C.

Solution:
Step 1; Find the slope of the given set,

By differentiation xdy +ydx=0 = (_j =
1

Step 2; Find the slope of the required set,

(6,5, = (6 = (B

Step 3; Find the required set,

ﬂzi (separable variables DE) = ydy = x.dx,
dx vy
2 2
Y20k or y -xP=K. [K=2K ]
2 2 1 !
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Example 41 : Find the orthogonal trajectories of y = Cx2.

Solution:

Step 1; Find the slope of the given set,

Method |,
2
y=Cx* = Y _c. By differentiation X" dy - y.(2xdx) =0,
x? x*
2 dy 2 .
= X°dy-2xydx=0 = ™ =—. (The slope of the given set)
X), X
Method I,
y=Cx®. Bydifferentiation dy=2Cxdx = (?J = 2Cx.
X 1
From the given set Czl = .. (ﬂj =2 Y X = (ﬂ] :ﬂ.
X2 dx /; %2 dx/); X

Step 2; Find the slope of the required set, Since the required and given sets are

orthogonal, then (%) :—1/(ﬂj.
2 1

(o),

dx), 2y’

dx dx
Step 3; Find the required set, To find the required set we must solve the above

(@)

differential equation,

dy —x ,
d_i :2—y (separable variables DE) Yoo 14110
=  2ydy=-xdx,
2 2
, =X 2 X
Ly =——+K or +—=K.
y' == y+7
Notes, K =2 >

* K must be positive since it is the
sum of
two squares.

* y=Cx? is afamily of parabolas.

2

X . _ . C=-1-1/4 —1/10
* y2 +7:K is a family of ellipses.
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Example 41 : Find the orthogonal trajectories of y?* +Xx 2=r2,

Solution:
y>+x=r’
2y dy +2x =0

dx

dx
dy ) _ -1 _y
dx b X x
y
dy _y
dx X
dy dx
vy ox
dy pdx
IT—IT C,

Iny =Inx +C,
Iny =Inx +InC,
Iny =In|C,x]|

-y =Cx

Ly
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13.3- Radiation and disintegration of radio active substance

The disintegration rate by radiation is directly proportional to the radio active substance

present at any time t.

——ocQ  Similar to the rate of flow

dQ

dt
_dQ _

dt =kQ
4Q _ it

j%Q:j—kduc

InQ =—kt +C

Q :e—kt+C

Q :eCe—kt A :eC

Q :Ae—kt

BC. at=0 Q=0
QO :Ae—k(O) A :QO

+Q =Qe™

Example: The disintegration rate by radiation. If Qo=0.6 kg at t=0 and Q=0.3 kg at t=550 years

find k?

Solution :

Q=Qe™
0.3 — O'6efk(550)

1
= @580k

2

2
—In2 =-550k

_In2

|n£: M(ﬁ/_SSOk)

k =——=0.00126
550

Q — 0.66—0.00126t
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13.4- Heat Transfer Analysis

The three modes of heat Transmission
- Heat Conduction is solids.
- Heat Convection in fluids.

- Radiation of Heat in space.

Derivation of Fourier Law of heat conduction on a solid slab. With the left surface
maintained at temperature T, and the right surface at Ty, Heat will flow from the left to right
surface if T2 >Ty. By observations, we can formulate the total amount of heat flow (Q) through

the thickness of the slab as :

A(T,-T, )t A(T,-T, )t
Q ocM — Q=k M
d d
Where : A : Area m?
T : time allowing heat flow sec
D : the distance of heat flow m
K: Thermal conductivity (W/m.k)
q :g Heat flux
At
A(T,-T )t
q=Q=k (T, -T,) W /m?)
At d
T (x)-T (x +Ax) T (x +Ax)-T (x)
AX AX
0 (x) = Iim(—k T (x +Ax)-T (x)j:_k dT (x)
AX =0 AX dx
q(x)=-k de(X) Fourier Law of heat conduction
X
Material k
Wood 0.087
Cork 0.039
Air 0.026
Water 0.6
Glass wool 0.04
Rock wool 0.045
steel 50
Fiberglass 0.04
vacuum 0
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Example : A metal rod has a cross-sectional area 1200mm? and 2 m length. It is thermally
insulated in its circumference, with one end being in constant with heat source
supplying heat at 10 kW and the other end maintained at 50°C. Determine the
temperature distribution in the rod, if the thermal conductivities of the rod
material is 100kW/m°c.

Solution

The total heat flow Q per unit time t (Q/t)

¢

<«

| Insulation I

o |
A

Heat flow ——

| Insulation

Cross-section of
rod has area A

_Q
97 At
%:Aq =10kW (lett =1unit)
0 (x) =k dT (x)
dx
0 —qA =k dT (x)
dx
aTx)_ Q 10
dx kA  100x1200x10°®
dT (x) _ 250
dx 3
T Order D.E
dT (x) =229
3
250
dT (x )= |-=—=dx +C
J -5
T (x):—z—gox +C
BC. at x =2m T (2)=50C
50=—%(2)+c
c 850
3
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14- Applications on Second and Higher Order Linear

14.1- Buckling of columns

Example 1 : Determine the critical buckling load of a hinged-hinged column.

Solution: p P
Consider a column of length L, as shown %51 é | § Hs |
B

je—

B
in Fig.(a) or Fig.(b), hinged at both ends, and
subjected to a compressive axial force P.
2 X
el9Y - M, But M, =Py, Lot thty !
dx? i
d?y d’y P S
~El—=-Py = —+—y=0. J Uy
dx’ dx? El Ap;;,—r A”é” Ha
2 Fig.(a) Fig.(b)
et p2=— o 9. g e
El dx? To determine M :
or (D*+p%)y=0 = m’+p°=0, Either from down (left);
2 2 -
=_ —+
= mi==f" = m =iA, M, =R,.y+H,X.
y:Clcosﬁx+Czsmﬂx. (G.S) S =0,
Boundary conditions,
Ly©0=0 = 0=C+0 = C =0. Ry-P=0 = R,=P.
y:CZSinﬁx. > Fy=0,
.y(L)=0 = in L.
2.y(L) = 0=C sinp Hy—H,=0 = H,=H,.
f C =0 = y=0.
2 . . . Z(M)B :01
(i.e. the column remains straight)
" CZ-‘/—'O — Sinﬂl_:O = ﬂ|_=0,71',272', ....... Nz, HA-L:O:HA:O;
. f=nzr = = ﬁznT”. (N=123,.....) - Hg =0.
2 2 2 2. M 5 = Py
But f°=— = P _nz = PznﬂE],
El |_2 |_2
2
For n=1 = P, = il IZEL, (Euler load or critical load)
L

and y= C2 Sin%. (C2 remains indeterminate, that is y(%) = C2 )
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n=1 n=2 n=3
2 2 2
P 7 EL P _4r°EL P :972 EL
2 2 2
L L L

Critical buckling load:

is the smallest value of axial load that can cause buckling:

*If P<P,, thenthe caseis “stable equilibrium”. In this case, no buckling would occur. If

lateral deflection is produced, by a horizontal force, then this deflection vanishes when the
horizontal force is removed.

*If P=P,,thenthe caseis “neutral equilibrium”. In this case, small and limited buckling

may occur. If lateral deflection is produced, by a horizontal force, then this deflection remains
constant even when the horizontal force is removed.

*If P>P

cr/
buckling may occur. If lateral deflection is produced, by a horizontal force, then this deflection
will be increased, and if not controlled, the column will collapse.

then the case is “unstable equilibrium”. In this case, large not-controlled
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Example 2: Determine the critical buckling load of a fixed-fixed ends column.

At each ends there are bending moment and shear force

> M, =0 VL+M, -M, =0
VL =0 L=0 =V =0
Bending moment at distance x

M =Py —M,

d’y M

dx>  El

d’y  (Py -M,)

dxz  El

d?y P y _M,

dx* El El

2" Order — Nonhomogeneous D.E with constant coefficients

Y ity 0 et k-2

dx El

y, =C,coskx +C,sinkx

Let y,=A

d2y+Py:Mo

dx* El El

ypI:yp":O

0+1A:M° DA =20
El El P

Y=Ynt+Y,

y =C,coskx +C,sinkx + I\I/DI°

BC.

y=y'=0 at x =0
0=C,cos(0)+C,sin(0) + I\g" =X (31:_'\20
y '=-CKk sinkx +C_k coskx

0=-C,k sin(0)+C,k cos(0) =I|C,=0
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MO I\/IO
y =——2coskx + 5

y = Ms (1 coskx)
P
y=y'=0 at x =L
0:%(1—coskL) M, 20
P P
0=1-coskL kL =cos™1
2nr ’
kL =2nrx kzz(—)
L
2 2
i:(zn_”j p:(zn_”j El n=1234
El L L
2
P :7Z'E|

5)
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Example 3: Determine the critical buckling load of a fixed-hinged ends column.

Bending moment at distance x

M =Py —H(L-x)

dy M

dx*  El

d’y _ (Py —H(L-x))
dx? El

d’y P H(L-x)
dx® El El

2" Order — Nonhomogeneous D.E with constant coefficients

2
4Y (k?y -0 let Ki=—-
X

y,, =C,coskx +C,sinkx
Let y,=A+BX

d% P HL H
—+—Yy =————X
dx? EI°  El El

y, =B y,"=0
0+ (a+Bx)=PE_H,
El El El
PA + PBX =HL — Hx oa=nt g H
P P
y :yh +yp
. H
y =C,coskx +C,sinkx +F(L —X)
BC.
y =0 at x =0
) H HL
0:C1cos(0)+C23|n(0)+F(L -0) = Clz_?
y'=0 at x =0
y '=—Ck sinkx +C,k coskx —%
H

0=-Ck sin(0)+C,k cos(0) =|C
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y :—£coskx +isinkx +1(L —X)
P PK P

:i(lsinkx — L coskx +L—xj
P \k
=0 at x =L

y
y
0 H

Ozi(isinkL—Lcosij i;«rsO
P \k P

klsin kL —L coskL =0

tan(kL) =kL
~ 4.49341

L

20.19
==

k

PCr L2

~ 20.19EI

:—(isinkL —LcoskL +L —Lj
P \k

kL =4.49341n

klsin kL =L coskL

n=1,2,3,4,...(solutionof equation)
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Example 4: Determine the critical buckling load of a fixed-free column.

Solution:

Let the buckling at the free end is (d).

2
EI.%:—MX. But M, =-P(d-y),
X

d?y d’y P P

EI.—2:—[—P(d -y)] == —+—y=—d

dx dx? El El

2
Let ,Bzzﬂ = u+,82y=,82d,
El dx?

or (D?+pY)y=4d =

= m=-p* = m =*A,
yczclcos,b’x+Czsin,Bx.

y =y =0.

m® + A% =0,

let y =A =
p

Substituting,
0+p%A=p%d = A=d = vy =d.
p

P X P

Lo

Py y

Ra

To determine M, :
Either from up (right);
M, =-P(d-Yy).

Or from down (left);

M,=R,.y+H,Xx-M,.

ZFXZOI
Y=Ye¢+ Yy,
.'.yzclcos,b’x+Czsinﬁx+d. (G.S) R,-P=0 = R,=P.
Boundary conditions, > Fy=0,
1.y0)=0 = 0=C+d = C=-d.
! ! -H,=0 = H,=0.
.'.y:—dcos,Bx+C23|nﬂx+d.
2. y'(0)=0, y'=—ﬁclsin,8x+ﬁ'czcosﬂx = O=O+ﬂC2 = CZ:O.
s y=—-dcospx+d or y=d(Ll—cospX).
3. y(L)=d = d=d(l—cospL) = 1=1-cospL,
n 3w @2n-Dx
cosfL=0 = — —
= =0 = A=55 2
@2n-)rx @2n-Yr
= = n=123,.....
L > = B oL (n=1 )
2 _2 2 _2
ut p2=+ P _(n=1)z" p _(2n=D777EL
El El 412 412
2
For — Pcr:ﬂ EZL. (i.e.%timesthecritical load for hinged-hinged case)
4L
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14.2- The pendulum

Example : Study the simple harmonic motion of pendulum without air resistance

Solution
At any time, let the pendulum make an angle 0 (radian) with vertical. there arc is S:
mg sin@ moving force

Along arc

Mass*acceleration = Force
2

2
n{x(—i%}:m/gsine = 3Ti+gsim9:0

The negative sigh means S is decreasing with time (central force)

2 2
S=(9L d_S:Ld_e d_le_d_ze
dt dt dt dat* —4_ -
d?s . d2o .
—+0sin@d=0 L—+9gsin@=0
dt? J dt? J

2
49, 9sing=0
dt? L

For small values of @=sin@=0

40 940 k2=2

dt> L L

6 =C,coskt +C,sinkt

BC 9 .
t=0 6=6  6'=0 Velocity L o0)= 1. 070) =2

g =C,cos(0) +C,sin(0) C,=6 i

6'=-Ck sinkt +C,k coskt

0=-Ck sin(0)+C,k cos(0) C,=0

6 = g coskt

9=Q)cos\/§t
L
cos(\/gt + an:cos(\/g(t +T )j
L L
\/ET =27 T :27z\/E
L g

1 1 /g .
f =— f =—, = frequency (Hiz=cycles/sec
T 27\ L q y( y )
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14.3- Mixing Problem Involving Two Tanks

Example : Two tank connected as shown below, first tank contains initially (100 L) of brine
containing (50 N) salt , while the second tank contains (100 L) of brine with (20 N)
salt is dissolved. Starting (t=0), the pumping was applied. If the brine at each tank |
kept uniform by staining. Find the amount of salt in each tank at any time?

pure water
6L /min

Solution :

x = Weight of salt in tank (A)

y = Weight of salt in tank (B)

(x/100)= Concentration of salt in tank (A)

(y/100)= Concentration of salt in tank (B)
Tank (A)

pure water mixture
6L /min 8L /mir
(E-Ljdt _dx ==
£ min
(Z—V—S—det _ dx
100 100 100L
dx 50 N (Salt)
0.02y —0.08x =—  ——(A)
dt mixture
Tank (B) 2L /mir
(‘Zy p X6y )dt ~dy
100 100 100
dy
0.08x —0.08y =— ——(B)
dt
(D +0.08)x —0.02y =0 —— @
(0.08)x —(D +0.08)y =0  ——(2)

D+0.08  -002 (x| [0
{ 008 -(D +o.08)Hy}_M

{~(D +0.08) +0.08x0.02}(x,y ) =0

mixture
8L /min

100 L
20 N (Salt)

mixture mixture
2L /min 6 L/min
mixture
8L /min

100 L
20 N (Salt)

mixture mixture
2L /min 6L /mir
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—(r+0.08Y +0.08x0.02=0

r2+0.16r +0.0048 =0
[=-004 & r,=0.12

X = C1e70.04t +C2e70.12t
y :C3e—0.04t +C4e—0.12t
0.02(Ce ™ +C,e*)-0.08(Ce ™ +Ce )= :t
0.08(Ce** +C e )-0.08(Ce "™ +Ce )= :t
Solve
c,=2¢, & C,=-2,
X = Cle—0.04t +C2e—0.12t
y — 2cle—0.04t _ 2C2e—0.12t
BC t=0 x =50,y =20
50=C, +C,
20=2C, - 2C,
C,=30 C, =20

H.W.

pure water mixture
6L /min 8 L /min
JE—

100L
150 N (Salt)

100 L
150 N (Salr)

—_—
mixture mixture
2L /min 6 L/min

_(Cle—o.o4t +C2e—0.12t ) ——(A)

_(Cse—0.04t +C4e—0.12t ) . (B )
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14.4- Mechanical Vibration

The system with two degree of freedom begins to max under the following conditions :

Initial displacement X, (0) =1, X,(0)=1.

Initial velocity X,(0) =+/3k, X,(0)=~/3k .

Neglect the friction, derive the DE governing free vibration of system show below :

Mass*Acceleration = 2 F (in the direction of the motion)

K = EL—! (force/desp.)

F =KX ,Mass x Acceleration :ZF

Mass (1)

2
159 )§1=K(X2—X1)—KX1

dt
d?X
dt21+2KX1—KX2:O
(D?+2K )X, -KX,=0 )
Mass (2)

d?X
Ix—t=-K (X,-X,)-KX,

dt
d?X
dﬁ1+2KX2—KX1:O
(D?+2K )X, —KX,=0 ———(2)

KX «~— M, —>K(X,-X,) K(X,-X,) «<— M, —> KX,
— X — X
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(D?+2K) K }{xl}_{o}
K (D?P+2K)[X,) [0

(D% 42K ' —K2}(X,,X,) =0

(rP+2K ) -K?=0

(r?+k)(r*+3k)=0

. =Fki re = FV3Ki

X,=C,cosv/kt +C,sin/kt +C3cos\/37t +C,sin+/3kt
X, :Cscos\/k_t +Cesin\/k_t +C7cos\/§t +C83in\/:¥t
sub.into eq(1) & (2)
c,=C,C,=C,C,=-C,&C,=-C,

X, :Clcos\/k_t +Czsin\/k_t +Cgcos\/?It +C4sin\/ﬁt

X, =C,coskt +C,sinvkt —C,cos~/3kt —C,sin~/3kt
BC t=0 X, =X, =1

C,=1 C,=

X, =—C,vk sinvkt +C,vk cosv/kt +C,+/3k cos~/3kt
X, =-C,J/k sinvkt +C,+k cosvkt —C,~/3k cos~/3kt
5. X(0) —JA, K, (0) =B

J3k =vkC, ++/3kC,

J3k =+/kC, —f3kC,

C,=+3 C,=0
X, =coskt ++/3sinkt
X, =cos/kt ++/3sinvkt
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