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[Ch1-Page 1] Calculus Il MATRICES

Definition : A matrix is a rectangular array of numbers or functions (called elements),
consisting of m rows and n columns:

a, 4, 4a; a,

Ay, Ay 4y a,,

A=[4],.,=|a, a, ay - a,
_aml am2 am3 amn_mxn

. . . . . . |4 2
This is said to be a matrix of order m by n. For instance, here is a 2 by 3 matrix: [7 5 9}
2x3

Definition : A mx1 matrix is called a column vector

a, (2]
a, 1
-3
A={4}  =1ay A=< 81} ,B:{4},C= 12
: 11 5
a’"l‘ mx1 _5
A 1xn matrix is called a row vector
A ={A }m ={"11 A, G5 4y, }m
A={5 2 11 -7 3}  B={2 6 C={35 8 -4}

1. Matrix Addition : When two matrices A and B are of the same size we can add them by
adding their corresponding entries.
If Aand B are mxn matrices, then their sumis 4 + B =(a; +b,),,

Cij =Al.]. +Bij
a, 4y 4 a,, b, b, by, In
Ay Gy Ay 0 Oy, by by by o+ by,
A=[4],.,=|a a, ay as, » B=[B],.,=| by by by -+ by,
_aml am2 am3 amn Lmxn _bml bm2 bm3 o bmn Lmxn
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[Ch1-Page 2] Calculus i MATRICES

a, +b,, a,+b, a;+b, - aq,+b,
ay +b,, a,+b aythy,, - a,, +b,,
C=A4+B=| a5 +by, ay+b;, ay+by; -+ a, +b;,
_am1+bml am2 +bm2 am3+bm3 amn +bmn_m><n
A+B =B +4

(A+B)+C=4+(B+C)

Example :
7 4 2 1 2 8 1 -5
A=[A],=[11 0 9 -3 ,B=[Bl,,=|4 5 -4 7
5 8 -6 2, 31 9 13,
7+2 448  2+1 1+(-5) 9 4 3 —4
C=4+B=|11+4 0+5 9+(-4) -3+7| =|15 55 4

5+3  8+1  —6+9  2+13] | 8§ 9 3 15

3x4

2. Matrix Subtraction: When two matrices A and B are of the same size we can add them
by subtracting their corresponding entries.
If Aand B are mxn matrices, then their subtractis 4 -B = (a, -b,),,

ij ij ij
ay 4y Gz 4, b, b, by - b,
Ay Gy dy a,, by by by e by,
A=[A4],.,=|a, ay a; a, s B=[B],.,=|bsy Dby, by -+ by,
_aml amZ am3 amn Amxn _bml me bm3 bmn dmxn
a, —b, a,=b, a;-b; a,, —b,
a, —b,, a,—b a ;b a,, =b,,
C=4-B=| ay—by, a;,-by, ay;—by a,, —b,,
_aml _bml amZ _me am3 _bmS amn _bmn_mxn
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3. Scalar Multiplication : If k is a real number, then the scalar multiple of a matrix A is

kA
CU :kAij
ay G dz o, ka, ka, kay - ka,
y Gy dyp a,, ka, ka, ka, - ka,,
A=[A],, =|a a, a; - a, . kA =k[A],,, =| kay, kay, kay - ka,,
_aml am2 am3 amn_an _kaml kamZ kam} kamn_an
3% 3x
If A= {a“ a”} Then 3A—{ i a”}
a4 Gy Xa, 3xa,
4 3 8 6 — |12 9
= then 2A= and 3A —
2 1 4 2 3

4. Matrix Multiplication : Let A be a matrix having m rows and p columns, and let B be a
matrix having p rows and n columns.
The product AB is the mxn matrix

[4]..x[8]..., =[¢]...

Cij = i(aik kaj )

k=1

Example : —
Ci,=ay,xb ,+a,,xb,,+a,,;xb;,+a; , xb, , +.......... +ay, xb,,
_all alz a13 als bll ZIZ b13 slw
4o [A ] B |Cl21 Ay A,y a2s| 5 [B ] ~ b21 bzz b23 e bzw
=l = : : . » D =1D [, 31 Dy |P3 3w
a, a a., -+ a
- e b, b, by| -+ b, Jssow

k=1
€ Cp G Ciy
Cy €y |Cx Coy
C=AxB=|cy c3 C33 -+ Cy
_Crl Cr2 Cr3 t CVW rsw
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[Ch1-Page 4] Calculus i MATRICES
. _bn b12_
ay 4y Gy Gy Gy b b
—14 _ Ay Gy Gy Gy Gy B =[B _ bZI b22
4x5 a a a a 5%x2 31 32
31 Uy Gy Ay g
b, b
Ay Qg Ay Gy Gys |, vow
- _b51 b52_5><2
a, a, a; a, a;] KEa
an a12 a13 a14 alS b, b,
Codxp=|f %2 95 % G x| by, by,
a a a a a
a31 a32 a33 a34 a35 by by,
s Qup Gy Ay Gys |y b, b52_)<><2
| (an xby, +ay, xb, +a;xby +a, xb, +a; ><1751) (au xby, +a,, xby, +a,;xby, +a, xb,, +a;sxb z)
[C] _ (a21Xbll+022Xb21+a23Xb31+a24Xb41+a25Xb51) (a21><b12+a22Xb22+a23><b32+a24><b42+a25 bsz)
e (a31 Xby, +ay, Xby, +ay; Xby, +ay, xb,, +ass ><b51) (a31 Xby, + a5, Xbyy + a3y Xby, +ay, xby, +ays x bsz)
_(a41 xby, +ay, Xbyy +ay Xy +ay, xby, +a,,xbs,) (a41 Xbyy +ay Xbyy +ay; xXby +a, xby +a;xb 2) o
¢ ¢
€ Cp
[C]4><2_
C3 Cy
LCa1 Car g
Note AxB #B xA
(AxB)xC:Ax(BxC)
(4+B)xC =A4xC +BxC
Example :-
4 3]
3 5 1 2 7 _—
4 -1 3 6 5
A=[4],; , B=[Bl;,=|5 0
-2 9 6 3 4 .
5 4 -3 0 2
be _6 _1_5><2
C=4xB
[(3x4+5x1+1x5+2x2+7x6) (3><3+5>< (-2)+1x0+2x7+7x(-1))
€] (4x4+(-1)x1+3x5+6x2+5x6) (4x3+(=1)x(-2)+3x0+6x7+5x(-1))
w2 (2x4+9x1+6x5+3x2+4x6)  (-2x3+9x(-2)+6x0+3x7+4x(-1))
(5x4+4x1+(=3)x5+0x2+2x6) (5x3+4x(-2)+(-3)x0+0x7+2x(-1))] _
(68 6
[C] B 72 51
4x2 61 _7
_21 54><2
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5. Transposition of a Matrix : Transposing a matrix means converting and m by n matrix
into an n by m matrix, by “flipping” the rows and columns.

A =[4],.,
AT :[A]nxm
afj =a,,

(4+B) =4" +B"

_an a, 4 aln_
Ay, Ay Ay a,,
A=[4],.,=|a, a, ay - a,
_aml am 2 am 3 am" Amxn
_an a, a4y aml_
a, 4y 4y A,
A" =[AT]n><m_ a3 dy; Ay a,;
_anl an2 an3 anm dnxm
1 2 3 4]
5 6 7 8 1 5 9 13 17 21
A=[A] . = 9 10 11 12 AT =[AT],. = 2 6 10 14 18 22
S T3 14 15 16 T T3 7 11 15 19 23
17 18 19 20 4 8 12 16 20 24 »
121 22 23 24_6x4

1. Zero (Null) Matrix

A zero, or null, matrix is one where every element is zero, e.g.

1 0 00 Lo o
1 0 01 00 01 0
0 1 0 010
0 01
0 0 01
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2. Square Matrix

A square matrix is one where the number of rows and columns are equal, e.g. a 2 by 2
matrix, a 3 by 3 matrix etc.

7 8 3 6 46 2
5 3 9 1 2 5 7 5 o
-2 1 6 7 4 2
3 81
30 51

3. Diagonal Matrix

A diagonal matrix is a square matrix in which all the elements are zero except for the
elements on the leading diagonal, e.g.:

7 0 0
05 0 O 30 31018
00 40 0 -2

0 0 9
00 0 3

4. Unit Matrix

A unit matrix is a square matrix in which all the elements on the leading diagonal are 1,
and all the other elements are 0, e.g.:

Lo o 1 0 0 0O
1 0 0 1 0 01 00
0 1 0 01 0
0 01
0 0 0 1
A unit matrix is often denoted by I (identity matrix).
5. Null Matrix
A Null matrix is a square matrix in which all the elements all elements are 0, e.g.:
000 g g g
000
000

6. Symmetric Matrix

A Symmetrix matrix is a square matrix where

a;; =a;,;

for all elements. l.e., the matrix is symmetrical about the leading diagonal. For example

s 1 6 7 8 4 1

3 5 5 3 0
1 11 -2

5 =2 4 3 -4 9
6 -2 9

1 0 9 3
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[Ch1-Page 7] Calculus i Special Types of Matrix

7. Skew Symmetric Matrix

A skew symmetrix matrix is a square matrix where

for all elements. le, the matrix is anti-symmetrical about the leading diagonal. This of
course requires that elements along the diagonal must be zero. For example

« 1 e 7 8 4 1

3 5 o 8 5 30

-5 2 - - 4 3 -4 9
-6 2 9

-1 0 9 3

8. Orthogonal Matrix
An orthogonal matrix is a square matrix which product a unit matrix if it is multiplied by its
own transpose. i.e.:

AxA" =1
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Special Types of Matrix

> Exercise 1-1

H.W 1-: The matrices A to K are

3 -1 5 2 -13 74
A= B= D=
{—4 7 } -1 6} [ 2.5 —3.9}
4 -7 6 (3 6 2 31 24 64
D=|-2 4 0 E=15 -3 7 F=|-16 38 -19
5 7 -4 -1 0 2 53 34 438
4 1 0
6 -2
G = H = J=|-11 K=|0 1
M P
7 1 0
Evaluate these Matrices :
1- A+B 8- AxB
2- D+E 9- AxC
3- A-B 10- DxJ
4- A+B-C 11- EXK
5- 5A+6B 12- DXF
6- 2D+3E-4F 13- Show that AxC # CxA
7- AXH

H.W 2-Determine the values of x and y for which the matrices are equal
1 1 -2
1) " g
y -3 3x-2 3
2
2) x° 1 ’ 9 1
y 5 4x 5
H.W 3-Find A, B and A+BT
2 3 -1 6
A= B =
{—5 4} {3 2}

H.W 4-Verify that the quadratic form ax* +bxy +cy*is the same as

b
e vl 2{;
E C
H.W 5-Verify that (AB)" = BT AT
3 2 4 2 1 3
A=|2 1 2 B=|1 2 5
4 2 3 0 2 1
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Determinants and Inverse Matrices

3- Determinants and Inverse Matrices

> Minor

A minor is the determinant of the square matrix formed by deleting one row and one

column from some larger square matrix.

» Cofactors

(1 2 3 4] 12 3
5 6 7 8 S —
9o 10 11 12 9 10 11!1
13 14 15 16 13 14_15! 16

my, =

1 2 3
9 10 11
13 14 15

The cofactor of an element is the minor multiplied by the appropriate sign

¢, =(=1)" xm, or more generally |c, =(~1)"/ xm

i

+_
-+

> Adjoint Matrices

_|_

Every square matrix has an adjoint matrix, found by taking the matrix of its cofactors, and

transposing it.

a, 4y

a, Ay

A=[A4 ]mxn = dy Ay
_aml am2

then the adjoint is

Adj(4) =] c;; ¢y cy

—Amxn

—AmXxn
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[Ch1-Page 10] Calculus Il Determinants and Inverse Matrices

Determinants

A determinant is a function of a square matrix that reduces it to a single number.

ay G 4z 4,
Ay Ay Ay ot dy,
det(4)=|4|=|a;, a, a; - a,
aml amZ amS amn

» Some Properties of Determinants

1. If ATis the transpose of the nxn matrix A, then det AT = det(A).
2. If any two rows (columns) of an nxn matrix A are the same, then det(A)=0.

3. If Bisthe matrix obtained by interchanging any two rows (columns) of an nxn matrix
A, then det B =- det(A).

4. If B is the matrix obtained from an nxn matrix A by multiplying a row (column) by a
nonzero real number k, then det B = k det (A).

5. If Aand B are both nxn matrices, then det (AB)=det (A)xdet (B).

6. DeterminantIs Unchanged : Suppose B is the matrix obtained from an nxn matrix A
by multiplying the entries in a row (column) by a nonzero real number k and adding
the result to the corresponding entries in another row (column). Then det(B)=

det(A).

7. Determinant of a Triangular Matrix Suppose A is an nxn triangular matrix (upper or
lower). Then det(A)=a11a22 . . . ann, Where ai1, a2, . . ., ann are the entries on the main
diagonal of A.
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[Ch1-Page 11] Calculus Il Determinants and Inverse Matrices

[A]2x2=|:ccl 2} 4| = — ad —bc
s )
-} 3o

[A]3><3= b b, b

=(ab,cy +a,bye, + abe, ) —(ashye, + abyc, +abcy)

-1 4 3] -1 4 3]-1 4
[4],,=| 2 6 4 l4=2 6 42 6
3 -2 8] 3 -2 83 -2

=(—1x6x8+4x4x3+3x2x(-2))—(3x6x3+(-1)x4x(-2)+4x2x8) =138
Example 2 (Adjoint Method ):

2 3
A=[4],. . =|1 4
2 1

g ..... LI 22(5 .
|A|=(+)><2>< 4 2+(—)><3><1 4 +(+)><5><
1 5 2| 115
1 2 1 4
5+(—)><3><2 5+(+)><5><2 1‘

|| =2x(4x5-2x1)=3x(1x5-2x2)+5x(I1x1-4x2)=-2

4] = (+)x2x

[— A -w--w--
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[Ch1-Page 12] Calculus i Determinants and Inverse Matrices

A=[A),.,=| & @& a; - a,

_aml am2 am3 amn men
< it < i+l
4= >, (D7 xa,xm, ex. |A|= Y (=) xa,xm,
i=1, j=any column i=1,j=1
S i+ - 1+
4] = z (-1 x a, xm; ex. |4= Z (=D x a;xm,;
Jj=Lli=any raw Jj=l,i=al

4, G| |4 4 4, 4,
a, a, a; a, 4 Gyl |4 4y a4 4,
ay Gy dy 4, 1 4y G| |G 43 4, 4,
4, =la @ a4, Emlan @] e @ a,
: : : : (a“) . . .
G Gy Gz 770 Gy, a4y G| |@;, a @4, a,
anl an2 anl an3 anl ann i
a, &, a3 - 4, b, b, by - B,
A Gy 4y 0 4, 0 b, by -+ b,
I A = |B,,=|0 0 b, - b,
anl an2 an3 U ann nxn 0 O O o bnn nxn
4| =|B| =diag(B)=h,xby,xb,.....xb,
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[Ch1-Page 13] Calculus i Determinants and Inverse Matrices

Example :- Find the determinant

3 -2 2 1
2 1 23
[4]=
3 4 -8 1
3 -11 12 2,
Solution :
1- Adjoint Method
3 -2 2 1
2 1 -2 3
4] =
3 4 -8 1
3 -11 12 2
3 =2 2 1 3 =2 2 1 3 =2 2 1 3 =2 2 1
2 1 -2 3 2 2 2 3 2 -2 3
|A| =(+)><(3)>< +(—)><(—2)>< +(+)><(2)>< +(—)><(1)><
3 4 -8 1 3 - 1 - 1 3 -8 1
3 -11 12 2 3 11 12 2 3 11 12 2 3 11 12 2

1 -2 3 2 23 2 1 32 1 =2
|[4|=3x| 4 -8 1{+2x|3 -8 1|+2x3 4 1/-3 4 -8
-11 12 2 312 2 3411 2| 3 -11 12

1 =2 31 =2
M =4 -8 1|4 -8=-110
~11 12 2/-11 12

2 -2 32 -2
M,=|3 -8 13 -8=130
312 23 12
2 1 32 1
M,=[3 4 1|3 4 =-100
3 -11 23 -11
2 1 =22 1
M,=|3 4 =83 4 =-50
3 -11 123 -11

|4|=3x(~110)+2x(130)+2x(-100)—(-50) =
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[Ch1-Page 14] Calculusll Determinants and Inverse Matrices

2- Reduction Method

3 221 3 2] 31
2 1] 2 =2 |2 3
7 -10 7
1B =2 B 2] B Yl 1
4= — =18 =30 0
Y7 4l B -8 P 1 9
27 30 3
3 21 B 2] B 1
3 11 3 12 |3 2
7 -100 |7 7
1 1 |18 =30 |18 O| 1 1 [-30 -126
)= 5% s —gxa
9O (7y°|7 -1 |7 7| 9 7 |-60 210
27 30| |-27 3
|A|:éx%x(—13860)=
3- Row Reduction Method
3 2 2 1 3 2 2 1
o 1 107 o 1 107
?R+R2:> 3 3 3 -R+R = 3 3 3
3 4 -8 1 0 6 -10 0
3 -11 12 2 3 11 12 2
s 9 9 3 2 2 1
o 1 107 s o £ =21
R+R=| 3 3 3 “TRARS 3 io 3
0 6 -10 0 0 0 — _6
0 -9 10 1 0 9o 10 1
3oz 2 3 2 2 1
03] NEET
2R+ R = 10 QR+R=| > 3 3
7 0 0 — -6 ~10
0 0 _720 10 0o 0 0 22
|A|:(3)><G x(%lojx(22): ~220
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[Ch1-Page 15] Calculus Il The Inverse of a Matrix

The inverse (or reciprocal) of a square matrix is denoted by the A*

1
-1 .
A" =—adj (A)
4]
Ci Gy Gy Cu
Cp €y Cx Cu2
Adj (4)= C3 Cp Oy Cu3
_clm ch cSm o cnm mxn
_ i+j
¢, = (-1 % m;
a, 4ap a,,
|9 4y a;,
m; = :
aml am2 o amn (m—l)x(n—l)

4, G, 4 a,1 0 0 0 10 0 - 0h, &b, b B,
A Gy dy @,0 1 0 0 010 - 0b, b, b,y - b,
@y Gy Oy a,0 0 1 -~ 0|=10 0 1 --- 0Ob, b, by by,
a, a, a;, a0 0 0O 1 0 0 O 16, b, b, b,

b21 bzz bza b2n
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The Inverse of a Matrix

2 0 1
[4]=|-2 3 4
-5 5 6],
Solution :
1- Adjoint Method
2 0
[4]=|-2 3
=5 5 3x3
3 4 -2 4
cH=+5 6=—2 clz——_5 6:—8 ¢y =+
0 1 2 1
021——5 6:5 c22:+_5 6:17 Cpy =—
0 1 2 1
c31=+3 4=—3 c32——_2 4=—10 Cyy =+
2 -8 5
[C]=] 5 17 -10
-3 10 6
2 5 -3
adi(4)=[C] =|-8 17 -10
5 -10 6
4] =2x(-2)-(0)x(-8)+(1)x(5)=1
2 5 3
[A]‘1=|17|adj(A)—- -8 17 -10
5 -10 6
-2 5 -3

W o W O N W
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[Ch1-Page 17] Calculus Il The Inverse of a Matrix

2- Row Reduction Method

2 0 1
[A]=|-2 3 4
_5563><3
2 0 1/1 0 0 2 0 11 0 0
2 3 40 1 0= — Rk 510 3 501 10
-5 5 6/0 0 1 -5 5 60 0 1
2.0 1|1 0 0
R+Ry
03 5/1 10
05 I3 ¢
212
2 0 11 0 0
Ry+Ry
03 51 10
616 3
1o Lo
2(2
EECRUEN P LR
313 3
0 0 1|5 -10 6
1o 4l o5 o
2| 2
——R3+R,
0 1 0-8 17 -10
00 1|5 -10 6
1 1002 5 -3
——R;+R
2 0 1 0-8 17 -10
0015 -10 6
2 5 3
[4]'=|-8 17 -10
5 -10 6
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Calculus Il

The Inverse of a Matrix

> Exercise 1-2

H.W 1- Evaluate the determinant of the given matrix

-2

(98]

T
S N = = N k=== NN W

| o w9 o
[\O]
NS )
S O N O

— O O =

|
(o))

d

DN =
|
Rl

o0
O =

S = b &N O
|
—

H.W 2- Show that

3 5 1
-1 2 5
7 -4 10

_— O B =

=0b-a)c-a)c-b)

2j 3
1+
1 -1 -1

2 2 =2
11 9]
2 1 =2

0 5 0

I 6 1
5 -1 1
1 1 1
a b c
a> b ¢’

a a+1 a+2
b b+1 b+2
c c+l c+2

H.W 3- verify that the matrix B is the inverse of the matrix A.

A=

H.W 4- Evaluate the inverse matrix

5
4
1
2
1

-1
1
2 5

4 4
-1 1

6 0
-3 2
2 3

0 11
-1 4

H.W 5- Find the value of constant a

g 2
2 a
6 3

1
3
i 5 {—4 2
2
-1 0 -1 2
0 2 B = -1 2
1 -3 2 3
(27 -« sinx  cosx
| -7 ﬂ'} {—cosx sin x
0 1 2 3
14 0O 4 2
7 15 1
-10 4 6
—2[=-328 -2 0(=-212
8 5 -4

|
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There are various methods to solve a set of algebraic equations, such as:

Cramer’s rule.
Gauss elimination.
Gauss-Jordan elimination.

B w e

and matrix inverse.

AxX =B = X =—

Solution :
2x+4y-2z-2=0 2 4 =2|(x] |2
X+z-3=0 = |1 0 1[{yt=[3
2x+y—z—-1=0 2 1 -1}z 1
2 4 —
0 10
lal=]1 0 1=2‘1 +(- 1)(4)‘2 _1+(—2)‘2 1‘:
2 1 -1
2 4 2
4]=13 0 1 K 1+(1)(4)3 1+(2)3 O_s
- -1 1 -1 11
1 1 -1
2 2 =2
|4,|=|1 3 1=2‘3 1Jr(—l)(z)‘1 1Jr(—z)‘1 3‘:
1 -1 2 -1 21
2 1 -1
2 4
|4]=I1 0 =2‘0 3‘+(—1)(4)‘1 ! O‘=16
} 11 2 2 1
2 1
4] 8 4 8 4 8
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[Ch1-Page 20] Calculus Il

Solution :
2x+4y—-2z-2=0 2 4 2{(x] |2
x+z-3=0 = |1 0 1 |Kkyr=|3
2x+y—z—-1=0 2 1 1|z 1
2 4 21(x] |2 k2 12 —1((x] |1

I 0 1 }kyr=|3 I 0 1 +=|3
2 1 —-1||z 1 2 1 -1||z 1
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Solving Simultaneous Algebraic Equations

Solution :

2x+4y—-2z-2=0
x+z-3=0
2x+y—-z—-1=0

1 2 -1
—&k 510 2 2
—E510 -3 1

12 -1
0 1 -1

-
X 1
yi=|2
z -1
1

R, /(-2)

|

2 4
I 0 1
2 1

21 (x

-1

N e X
N = =
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Ax X =B = X=A"'xB

Solution :

2x+4y—-2z-2=0 2 4 -2i(x] |2 2
x+z-3=0 = [1 0 1}y=|3 = [4]=]|1
2x+y—z—-1=0 2 1 —=1|lz 1 2

S B~ = ~ = O
|
.
— NN NN =
S b= b= O

[C]=|2 2 6
4 —4 -4
| 4] =2x(-1)+4x3+(-2)x1=38
12 4
adj(A)=[C]' =|3 2 —4
1 6 —4
-1 2 4
[AT%Tiuﬁpozl 32 4
1 6 -4
12 4772

X=A"xB==|3 2 —4|x|3

l
8
1
—1x2+2x3+4x1=8
Ipb=1l3x242x3-4x1=8

Ix2+6x3-4x1=16

( 8/8 X
y
z

N

=< 8/8
16/8

1
=41
2

N =
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Exercise 1-3

H.W 1-use an inverse matrix to solve the given system of equations.

1) X, +x,=4 2) X, +2x,=4
2x,—x,=14 3x,+4x,=-3
3) X, +x,=-4 4) X, =X, +x;=1 5) X, —x,=2
X, +x,+x;,=0 2x,+x,+2x,=2 x,+x;=1
5x,—x,=6 3x,+2x,—x,=-3 X, +x,+2x,+x,=-5
X,—-x,=3
H.W 2-Solve the given system of equations by Cramer’s rule.
) X, +x,=4 2) 0.21x,+0.57x, =0.369
2x,—x,=2 0.1x, +0.2x, =0.135
3) X, —x,-3x,=3 4) u+2v +w =8 5) X, —x,=2
X, +x,-x;=5 2u-2v 42w =7 X,+x;=1
3x,+2x,=-4 u—4 +3w =1 X, +Xx,+2x,+x,=-5
X,—x,=3

H.W 3-Solve the given system of equations by Gauss-Jordan elimination.

2x +4y -2z -2=0 X+y+z=06 5x +2y +z =8
x+z-3=0 2x +3y +4z =20 3x +2y =5
2x +y —z —1=0 4x +2y +3z =12 X +2z =3

H.W 4-Solve the given system of equations by Gauss elimination.

2 3 0 5](x,) (4 0 3 0 —2](x,] [8
140 2|]x| J12| 140 2|

5 4 8 5(|x[ |5 326 1||x[ |3
2 1 0 5]|x, 503 4|lx,] |9

H.W 5-Using matrices, solve the equations for I, I> and Is.

2.41 +3.61,+4.81,=1.2
~3.91,+1.31,-6.51,=2.6
1.71,+11.91, +8.51, =0
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[Ch2- Page 1] Calculus Il Vectors in 2-Space

1- Vectors in 2-Space

In science, mathematics, and engineering, we distinguish two important quantities: scalars
and vectors. A scalar is simply a real number or a quantity that has magnitude. For example,
length, temperature, and concrete pressure are represented by numbers such as 80 m, 20C,
and 27 N/mm?. A vector, on the other hand, is usually described as a quantity that has both
magnitude and direction.

» Geometric Vectors

Geometrically, a vector can be represented by a directed line segment—that is, by an
arrow—and is denoted either by a boldface symbol or by a symbol with an arrow over it; for

example, v,u or AB

A vector whose initial point (or end) is A and whose terminal point (or tip) is B is written
AB . The magnitude of a vector is written [4B]. Two vectors that have the same magnitude
and same direction are said to be equal. Thus, we have 4B =CD . Vectors are said to be free,
which means that a vector can be moved from one position to another provided its magnitude

and direction are not changed.
B D
— —
CD N\ IICDIl =3
— —
AB lIABIl =3
C

A

The negative of a vector 4B, written —4B , is a vector that has the same magnitude as
AB but is opposite in direction.

3
AB [-AB [/ —~AB J/-—-AB
2 4
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» Addition and Subtraction

Two vectors can be considered as having a common initial point, such as 4 in figure. Thus,
if nonparallel vectors 48 and 4C are the sides of a parallelogram as in figure below, we say
the vector that is the main diagonal, or 4D, is the sum of 48 and 4C . We write

AD =AB +AC

B
_>
AB
C
%
A AC

The difference of two vectors 48 and 4C is defined by

—_— — — —

CB =AB —~AC =AB +(-AC)

B
RN — — —
AB \C’B=ABAC
C
A —
AC

-AC

If 4B =4C ,then 4B —4C =0

2- Vectors in a Coordinate Plane

The vector shown in figure, with initial point the origin O and terminal point P(x1, y1), is

called the position vector of the point P and is written y P(xy, y))
oP =<x1,y1> 5
oP
In general, a vector 4 is any ordered pair of real numbers .
0
A :<a1,a2>
Py(x+4,y+3)
The numbers 4, and 4, are said to be the components of the . ¢
vector A . fifz
_ Pl(x’y)
PP, =<x2—x1,y2—y1>
X
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» Definition
Addition a+b=(a +b,a,+b,) a-b={(a,-b,a,-b,)

Scalar Multiplication

Equality

Example [1]

ka=ka, ka,)

a=bifandonlyif 4 =p,, a, =5,

P(xz—xl, yz _yl)

Yy

Py, 35)
—
PP,
_)
or, =
OP,
Pi(x;,y)

If a(1,4)ands (-6,3), finda+b,a—b, and2a+3b.

| Solution

a+b=(a,+b,a,+b,)=(1+(-6),4+3)=(-5,7)
a-b={a,~b,,a,-b,)=(1-(-6),4-3)=(7,1)

2a+3b=(2a,+3b,,2a,+3b,) = (2x1+3x(=6),2x4+3x3) =(-16,17)

The zero vector O is defined as 0=(0,0).

» Magnitude

The magnitude, length, or norm of a vector a is denoted by [« . Motivated by the
Pythagorean theorem and figure, we define the magnitude of a vector :

» Unit Vectors

lal = Ja? +a2

|
a/ |
2

[

a

A vector that has magnitude 1 is called a unit vector. The normalization of the vector a is

a unit vector

u

1,
llel

where |lull =1
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Example [2] Giveng(2,-1), form a unit vector in the same direction as a. In the opposite
direction of a.

| Solution

lall = Ja? +a2 =22 +(-1* =5

1

‘e Ee {5 )
(533
» Thei, j Vectors

u

Any vector a =<al,a2> can be written as a sum :

(al,a2> = <a1,0>+<0,a2> =q (1,0>-|-a2 (0,1)

The unit vectors (1,0)and (o,1)are usually given the special symbolsiand j. Thusif :

—_—

i {1,0) J =(0,1) become A =ai+a,j

e

Example [3] Let a =4i +2j and b=-2i +5j . Graph a+5 and a—b .

| Solution

(4+(=2))i +(2+5)j =2i +7j

+b
—b=(4-(-2))i +(2-5)j =6i -3/

a
a

Mr. Munther 2020-2021



[Ch2- Page 5] Calculusll

Vectors in a Coordinate Plane

> Exercises 2-1

HW1- Find (1) 36 (2) a+5 ,3)a-5 (8 la+bl and (5) la-al if-

1. a=2+4j
2. a=-3i+2j ,
3. a=-b ,
4. a=(13) |
5. a=(4,10)
H.W 2- Find the vector P,
1. R(32)
5, A(=2-1)
3. P33,
a4 P03)
5. A(-L5)
H.W 3-
HW 4-
H.W 5-
H.W 6-
1. —4i-6j
2. 8 +12j
3. —i—%j
A 1. 5.
4. 20 _J)_3(EZ_I_J

5. (S5i+j)-(7i +4j)

H.W 7- find a vector b that is parallel to the given vector and has the indicated

magnitude.

1. A=3i+7j

2. 4-L; L,
% YA

J

l;:—i+4j

Find the terminal point of the vector Iﬁ =4i +8j if its initial point is (3, 10).
Find the initial point of the vector Iﬁ =(-5,-1)if its terminal point is (4,7).
Determine a scalar k so that 4 =3i +kj and B =-i +9; are parallel.

Determine which of the following vectors are parallel to A =4i +6;

Ip]l =2

6l =3

H.W 8- Find a vector in the opposite direction of 5:<4,10>but % as long.

H.W 9- Given that a ={1,1)and b =(-1,0). Find a vector in the same direction as but 4 +5

five times as long.
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A vector a in 3-space is any ordered triple of real numbers :

Z = (al,az,a3>

—

A =ai+a,j+ak

Plx, v 7))

vz-plane 5 OP

If OP, and OP, are the position vectors of the points P, (x,, y,, z,)and P, (x,, ¥,, ,), then
the vector Iﬁis given by :

@:O_P;_O—Pz:<x2_xpyz_yl’zz_Zl>:(x2_x1)i +(y2_y1)j +(Zz_21)k
z

1;; Po(x5, ¥5, 25)

> Distance Between Two Points

d(Pl,P2)=\/(x2—x1)2+(y2—y1)2+(22_21)2

» Midpoint Formula

X,+x y +y zZ,+zZ
M(I)lapz):( 22 1, 22 1, 22 1)
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» Definition
Addition A+B =(a,+b,)i +(a,+b,) j +(as+b; )k
Subtraction A-B =(a,-b))i +(a,-b,)j +(ay by )k
Scalar Multiplication — ¢A =ca,i +ca,j +cak
Negative ~A =—aji +(~a,)j +(~a, )k
Zero vector 0=(0,0,0)

Magnitude I4ll= Ja? +a? +a

Equality 4 =gifandonlyif 4 =b,, a, =b,, a, =b,

L1 -
A Unit Vector u= il A where Jul =1

Example [4] Find the vector @if the points P1(4, 6,-2) and P»(1, 8, 3)

| Solution

@:@_@:<xz_x1’yz_Y1azz_Zl>:(x2_x1)i +(yz_y1)j +(22_Z1)k

PP, =(1-4)i +(8=6) j +(3—(=2))k =-3i +2; +5k

Find a unit vector in the direction of2=(—2,3,6).
Solution

ﬁZ ||Z||:w/af+a22+a32 =\/(—2)2+32+62 =7

4]

(-2,3,6)= <—

u

u

| o

3 6> 2.3, 6
S )=—tiv stk
77 7

1
7 77

SEN NN f 4 =3/ 4] +8k and B=i 4k , find 54 25 .
Solution

54 —2B =5(3i —4; +8k )—2(i —4k)
=(15i =20, +40k )—(2i 40, —8k )
=(15-2)i +(-20-0) j +(40—-(-8))k
=13i =20 +48k
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> Exercises 2-2

H.W 1- Find the vector @:

1.

2.

3.

4.

P(3,45) P,(0,-2,6)
P(2.40) . P 6’%8)
P(0,-1,0) P,(2,0,1)
(COREECED

H.W 2- IfA =i -3j +2k B =-i +j+k ,and C =2i +6j +9k . Find the vector or scalar.

1. 4+B+C

2. 24-(B-C)
3. B+2(4-3C)
4.
5
6.

lcll2a]

. NBlA + A4l B

A
1

B

+5
51

H.W 3-Find a vector B that is four times as long as A=i —j +k in the same direction.

H.W 4-Find a vector B for which ||§||=%that is parallel to A =—6i +3j -2k but has the

opposite direction.
H.W 5-solve for the unknown

1.
2.

P(x,23) (211 d(P,P,)=+21
P(x,x,1) P(0,3,5) d(P,P,)=
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4- The Dot Product

A product of two vectors 4 and B can be formed in such a way that the result is a scalar.

The result is written 4 -B and called the dot product of a and b. The names scalar product and
inner product are also used in place of the term dot product.

A-B =a,b, +a,b, +a,b,

let 4 and B be any two vectors that after a translation to bring their bases into
coincidence are inclined to one another at an angle 6 :

A-B =l4llBlcos 0

» Orthogonal Vectors

Two nonzero vectors 4 and B are orthogonal if and only if 4.8 =o0.

SR N e

= O<8<7r/2 0= 17:/2 n2<@<rm =
cosG-] cos 8>0 cos =0 cos 8<0 cosQ——
(a) same direction (b) acute angle (c) orthogonal (d) obtuse angle (e) opposite direction
SENAVARN (f 4 =10i +2/ -6k and §:—%i 47 3k , find 4.5 and angle 6.

| Solution

—

A-B =ab +a,b, +a,b, :IOX(—%j+2x4+(—6)x(—3)=21
4] = Ja? +a? +a> =10+ 22 +(=6)" =140
||§||=W=J(_§j SN

4-B =l4llBlcoso

21=4/140 x%\/101 cosé

0 =cos ' (0.3532) =69.32°

Mr. Munther 2020-2021



[Ch2- Page 10] Calculus Il The Dot Product

» Direction Cosines

For a nonzero vector Ezali +a,j +a;k in 3-space, the angles a, 3, and y between 4 and

the unit vectors i, j, and k, respectively, are called direction angles of 4 .

cos Q= , cosﬁ=a?2 , COS]/:aT3
[4] [4] [l

X

> Component of Aon B

we write the components of 4 as:

compiZ:A-i , comij:A-j , comp, 4 =4 -k
The component of 4 on an arbitrary vector B .
— A-B
CompgA :W

|la|| cos 6

> Projection of Aonto B

The projection of a vector 4 in any of the directions determined by i, j, k is simply the
vector formed by multiplying the component of 4 in the specified direction with a unit vector
in that direction.

4
proj, 4 =(comp, 4 )i =(4 -1 )i =aji oo
~..a
The general case of the projection of 4 onto B PfOJ'k/; i
— (1 - i
pI‘OjEA = (compEA )[mB ] K, i proj;a
S A
B —
pI‘OjB?Z = {A B; ]§ proj;a i ! i //
”B ” ____________ I

unit

vector  ||b||
proj,a
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Example [8] Find the direction cosines and direction angles of the vector 4 =2i +5j +4k
Solution

”12”: a12+6122+a32:\/22+52+42:3_\/g

COSA =75 =—F+ o =cos™ =72.65
||A | 35 3f
5
cos = f =cos” ( J 41.81°
|| || 35
a, (4 :
cos :T:_ =cos | —= |=53.39
e ! (m)

Check cos’ a+cos” B+cos’ y = [ijz + (ijz + (ijz =1 OK
3W5) \3d5) 345

Example [9] Let A=2i +3j -4k and B=i +j +2k .Find compEZ and compZE.
| Solution

”Z||=«/a12+a22+a32 =22 +3%+(=4) =29
IBll= b2 +b2 +b2 =P +12+2* =6
Z-§=a1b1+a2b2+a3b3 =2x14+3x1+(—4)x2=-3

comp ;_AB_3
Bl e
comp-. B Q—i
4l V29
xample [10] Let A =4i +j and B=2i +3j .Find projEZand projzg.
| Solution

= (e =TT =T
[Bl= 5707 77 - T3

A-B =ab +a,b, =4x2+1x3=11

. — (4-B )= 11 22
proj; A4 =( ]B =—(2i43j)="i +£j

Iz 13 13713

— (4-B - 11 4 11
7 Gl 44 11
proj ; (”A” j 17( i+)) =it
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> Exercises 2-3

HW1-I1f A=2i -3j +4k | B=-i +2j +5k and C =3i +6j —k , Find the indicated scalar

or vector :
1. 4-B 2. (24)-(4-2B)
3. 4.C 4. (C-B)4
5. A-(4+B+C) 6. (C-B)4-C)
e A-B |~
. _— 8. = = B
7. B(4-C) [B'BJ
N 1.C)—
: 10.| == |C
9. (28).(3¢) (C.B]
H.W 2- Determine a scalar x so that the given vectors are orthogonal.
1. A=2i-xj+3k B =3 +2j +4k
2. szi+%j+xk , B =-3i +4j +xk

— —

H.W 3- Find a vector V =xi+yj+k that is orthogonal to both 4=3i+j+k and
B =3i +2j +2k .

H.W 4-Determine a scalar ¢ so that the angle between A=i +¢/ and B =i +J is 45°.

HW5-1f A=i-j+3k and B =2i +6; +3k , Find the vector proj;, 4 and proj. B .

H.W6- If A=4i +3jand B =—i + , Find the vector comp (B —4)and comp_, (4 +B).
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5- Cross Product

The cross product, introduced in this section, is only defined for vectors in 3-space and
results in another vector in 3-space. 4 xB is orthogonal to the plane containing 4 and B . The
cross product of two vectors 4 and B is the vector :

i j ok
N=AxB=la, a, a
b, b, b,
a, a;|, |4 4|, |4 a4,
b, byl |by by" b, b,

= (a2b3 -ah, )i —(alb3 —apb, )j + (alb2 —a,b, )k

<—
-\-
|
L

=

<

=n
X
-]

» Magnitude of the Cross Product

For nonzero vectors 4 and B, if 0 is the angle between 4 and B (0<8<r), then

”ngn = ||Z||||§||Sln(9
» Parallel Vectors

Two nonzero vectors 4 and B are parallel if and only if ”A XB”:O.

» The Distance from a Point to a Line in Space

s x|

il

D =
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> Areas

Two nonzero and nonparallel vectors 4 and B can be considered to be the sides of a
parallelogram. The area A of a parallelogram is :
Area =base x height = ||Z><§”
the area of a triangle is :
Area = %Hle?n

| /
lall /17, — ) sin 0 /
|

8 O /

b b

» Volume of a Parallelepiped

If the vectors 4 , B and ¢ do not lie in the same plane, then the volume of the
parallelepiped with edges a, b, and ¢ shown in figure is the absolute value of the scalar triple

product of the vectors.:
Volume = (area of base) X (height)
(5 xC|comp, 4]

=||§x5||‘z.(%§x5]
I8 <C||

=[4.(BxC)|
a, a4, 4,
=, b, b, absolute
Cp € G
Let A=4i -2j +5k and B=3i +j —k Find AxB .
Solution
ik
ZxE:al a, a
b, b, b,
ik
2 5| |4 5] |4 =2
=4 -2 5|= i— j+ k
1 -1 3 -1 31
3 1 -1

=((=2)(=1)=5x1)i —(4x(=1)=5x3) j +(4x1-(=2)x3)k
=-3i +19;5 +10k
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Determine whether 4 = 2i +j —k and B=-6i -3 +3k are parallel vectors.
Solution

i j ok
Xxgzal a, a

bl b2 b3

i

o 11 2 - |2 1
=2 1 -l= i— j k

-3 3| |6 3 -6 -3

-6 -3 3
=(1x3-(=3)x(=1))i —(2x3-(=6)x (1)) j +(2x(=3)-(=6)x1)k
=0i +07 +0k =0

The vectors 4 and B are parallel vectors.

Example [13] Find the area of the triangle determined by the points P, (1,1,1), P,(2,3,4),
and P;(3,0,-1).

| Solution

PP, =(2-1i +(B3-1j +(4-Dk =i +2; +3k
PP, =(3-1)i +(0-1)j +(-1-Dk =2i —j -2k

i j ok
V:ﬁX@:al a, a4,
bl b2 b3
ik
b 2 3] 1 3 1 2
=1 2 3|= i — Jj+
-1 =2 2 2" |2 -1
2 -1 =2
=(2x(=2)=(=1)x3)i —(1x(=2)-=2x3) j +(Ix(=1)-2x2)k
=—i +8j -5k

Area:%|ll7||:1ﬂlz+v22+v§ Ly 8457 = ﬁ unit’

Example [14] Find the volume of the parallelepiped for the vectors are three edges.
A=3i +j -2k, B=-2i +4j +3k and C=-i +57 -2k .

| Solution

a a, a| |3 1 =2 4
Volume=|b, b, by|=|-2 4 3|=3x s

c, ¢, ¢ [-1 5 2
=3x(4x(=2)=5x3)=1x((=2)x(=2) = (=1)x3) + (=2)x ((=2)x 5= (=1)x 4)
=3x(-23)-1x(7)+(2)x(-6) =—69-7+12=-78+12 =66

Volume =66 unit® absolute

3 -2 4
+(=2)x
-1 =2 -1 5
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> Exercises 2-4

H.W 1- Find EX@ Find Distance (Iﬁ,ﬂ) and Distance (@,Pz):
HW1-  Pi2,1,3),P:(0,3,1), Ps(1,2,4)
H.W 2- P:(0,0, 1), P»(0, 1, 2), Ps(1, 2, 3)
H.W 2-Find a vector that is perpendicular to both 4 and B
1. A=2i+7j -4k B=i+j—k
2. A=-i-2j+4k B=4i-j

H.W 3- 1fA =3 +j -2k, B=-2i +4j +3k and C=-i +5j —2k . Find the indicated scalar or
vector.
1. Zx(3§)
2. (Zx]?)x@
3. (ZXE)E
4. AxB+AxC +BxC
5. (42)(§x5)
H.W 4- (a) verify that the given quadrilateral is a parallelogram, and (b) find the area of
the parallelogram.

(1,-3,4)

H.W 5- Find the area of the triangle determined by the given points.
1. P(1,1,1), P2, 2,1), Ps(1, 1, 2)

2 P1(0, 0, 0), P:(0, 1, 2), Ps(2, 2, 0)
Pi(1,2,4), P,(1,1, 3), Ps(1, 1, 2)
4 Pi(1,0, 3), P»(0, 0, 6), Ps(2,4,5)
H.W 6- Find the volume of the parallelepiped for which the given vectors are three
edges.
1. A=i+j B=-i+4j C =2i+2j +2k
2. A7:3i+j+k, §:i+4j+k, 5:i+j+5k

H.W 7- Determine whether the four points Pi(1, 1, 2), P:(4, 0, 3), P5(1, 5, 10), and Pa(7,
2, 4) lie in the same plane.
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6- Lines and Planes in 3-Space

As in the plane, any two distinct points in 3-space determine only one line between them.
To find an equation of the line through Pi(x1, y1, z1) and Pa(x, y», z2), let us assume that P(x, y,

z) is any point on the line. In figure, ifr=0P, r1=0—Pl, and r2=O—Pz, we see that vector a=r, -1,

is parallel to vector 7 —r, .

» A vector equation

A vector equation for the line is

r=r,+at

a=r,—n :<x2 XYV, —yl,zz—zl>:<a1,a2,a3>

The scalar t is called a parameter and the nonzero vector 4 is called a direction vector.

Z
P(x, y, 2)
Pxpypz) a
| U U T,
’Ega 1'2 r
T
) y
X
» Parametric Equations
X =x,+at
Yy =y, tayt
z =z,+a,t

Find a vector equation for the line through (2,-1,8) and (5,6,-3). Then find
parametric equations for the line.

Solution

P(x,,»,2,)=(2,-18)

Pz(xz,y2,22)=(5,6,—3)

a=PP,=(5-2)i +(6-(-1))j +(-3-8)k =3i +7j 11k =(3,7,-11)
A vector equation

(x,y,2)=(5,6,-3)+(3,7,-11)t

The parametric equations

X =x,+at = x =5+3t

y=y,+ta,t = y =6+7t

z =z,+a;t = z ==3+11¢
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Example [16] Find a vector that is parallel to the line La whose parametric equations are
x =4+9%,y =—-14+5,z =1-3¢ .

| Solution
A=9i+5j -3k

Write vector, and parametric equations for the line through (4, 6,-3) and
parallel to 4 =5i =10/ +2k .

Solution

A vector equation

(v,7,2 ) =(4,6,-3)+(5,-10,2)¢
The parametric equations

X =x,+at = x =445t
Yy =y,ta,t = y =6-10¢
z =z,+a;t = z ==3+2t

» Planes: Vector Equation

» Cartesian Equation

If the normal vector is N =Ai +Bj +Ck , then vyields a Cartesian equation of the plane
containing P, (x,.7,.z,):
A(x =x,)+B(y —y,)+C(z —z,)=0
Ax +By +Cz =Ax +By, +Cz,

Example [18] Find an equation of the plane with normal vector N =2i+8j -5k
containing the point (4,-1,3).

Solution

A —x,)+B(y ~y,)+C(z ~2,)=0
Ax +By +Cz =Ax,+By +Cz,

2x +8y —5z =2x(4)+8x(~1)+(-5)x3
2x +8y =5z =-15
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Example [19] Find an equation of the plane that contains (1,0,-1), (3,1,4), and (2,-2,0).

| Solution

A=G-1Di+0-0)j+@4=(=D)k =2i +j +5k
B=02-1i+(-2-0)j +(0-(-1))k =i —=2j +k

o

I L) 1 s 25 P 1

NeAxB=p 1 5|= i-" i+ k =11i +3) -5k
DR B O

11x +3y =5z =11x1+3x0-5x(=1)
1lx +3y =5z =16

> Line of Intersection of Two Planes

<,

o

n, Xn, %
1 X 12 N8
o

Example [20] Find parametric equations for the line of intersection of 2x —3y +4z =1,
xX—-y—-z=5

|Solution
N, =2i -3j +4k
N,=i-j—k
i j ok
o 3 4] [ 4] |2 -3 o
N =4AxB =2 -3 4|= i— Jj+ k=Ti+6j+k
-1 -1 1 -1 I -1
I -1 -1
A intersection point P, (x,,y,,z,) take z, =0
2x, -3y, +4(0)=1 = 2x,-3y,=1 ——-[1]
x,-y,—0=5 = x,-y,=5 —---[2]

Solve Po(14,9,0)

The parametric equations

X =x,+at = x =14+7t
y =y, ta,t = y =9+6t

z =z, ta;t = z =—t
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» Point of Intersection of a Line and a Plane

(X0, Yo 2o)

Find the point of intersection of the plane 3x -2y +z =—5and the line

x =l+t,y =—242¢,z =4« .

Solution

Substituting the parametric equations into the equation of the plane gives :

x =1+t y==242t =z =4t
3(1+7)-2(-2+2¢)+(41)=-5 = t=—4
x, =1+(-4)=-3

y, ==2+2(-4)=-10{ = P (-3,-10,-16)

z, =4(-4)=-16

» The Distance from a Point to a Plane

A point P (x,,y,,2,) Py
The y-intercept point P, (0,y,,0) ﬁ
The plane Ax +By +Cz =d b D
_[pA-N] : J
v ,
Find the distance from pP(1,1,3) to the plane 3x +2y +6z =6.
| Solution
A point P, (1,1,3)
The y-intercept point P, (0,y,,0) 3(x)+2y, +6(z)=6 y,=3 P (0,3,0)
PP =i-2j+3k N =3i +2j +6k A n= 3420 + 6k

S(1,1,3)

N B =1x3-2x2+3x6=17 )

”]V”=m:7 B 00

PP-N| 17 0
INT 7 |

/{z, 0.0 P(0,3,0)
X
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Example [23] Find the distance from the point S(1,1,5) to the line x = 1+t, y =3-t, z =2t.

|Solution a
r ________________ 7
7a I //
d N H R N
P I
(: s ) 6\ |_= ///

S (1,1,5) m -
PS =(1-1)i +(1-3)j +(5—-0)k =—2i +5k

ik
S — 2 5 o 5 o -2 o
PSxV =|0 -2 5|= i — J+ k=i+5j+2k

R I R

sl 52422

D= =5

2 N et

Example [24] Find the distance between the parallel planes 10x+2y-2z =5 and 5x+y-z =1.
| Solution

APlane (1) 10x +2y -2z =5
APlane (2) 5x+y -z =1
The y-intercept a point in a plane (1) P, (0,y,,0)

10x0+2y, —-2x0=5 v, :% B(O,%,Oj
The y-intercept a point in a plane (2) P, (0,y,,0)
5(0)+y, —0=1 yo=1 P,(0,1,0)
PoPl:—%j N =10i +2j -2k

PP -N =-3

IVl =102 42> +(<2)* =63
PP-N| 3 1

INT 63 283

» Angles Between Planes

cosd = @
v vl

Mr. Munther 2020-2021



[Ch2- Page 22] Calculus Il Lines and Planes in 3-Space

> Exercises 2-5

H.W 1- Find a vector equation and the parametric equations for the line through the

given points.
D-  (2,3,5),(6,—1,8) 4)—  (2,0,0),(0,4,9)
2)—  (1,0,0),(3,-2,-7) 5)—  (0,0,5),(-2,4,0)
11 11
3)— [4,5,5}(—6,—2,8) 6)— (-3,7,9),(4,-8,-1)

H.W 2- Determine the points of intersection of the given line and the three
coordinate planes.
1. x=4-2t,y =1+2t,z =9+3¢.
2. x =142ty =2+3t,z =4+2

H.W 3- Determine whether the given lines intersect. If so, find the point of

intersection.
x =4+4+t,y =5+t,z =—-1+2¢

1. x =6+2s,y =11+4s,z =-3+s
x=1+t,y =2—t,z =3t

2 x=2-s,y =145,z =6s
x =2-t,y =3+t,z =1+t

3. x =4+s,y =l+s,z =1-s

4 x =3—t,y =2+t,z =842t

X =2+2s,y =-2+43s,z =—2+8s
H.W 4- Find an equation of the plane that satisfies the given conditions.
1. Contains (2,3,-5) and is parallel to x+y-4z=1.
2. Contains the origin and is parallel to 5x-y+z=6.
3. Contains (3, 6, 12) and is parallel to the xy-plane.
4. Contains (7, 5, 18) and is perpendicular to the y-axis.
5. Contains the lines x=1+3t, y=1-t, z=2+t; x=4+4s, y=2s, z=3+s.

H.W 5- The line through (2,3,0) perpendicular to the vectors u=i+2j+3k and v= 3i+4j+5k

H.W 6- Find the distance from the point to the given line x =1+t, y= 3-2 2t, z=4- 3t and
point (4,1,-2)

H.W 7- Find the distance from the point to the given plane. (1, -2, 4), 3x + 2y+ 6z=5

H.W 8- Find equations of the planes that are parallel to the plane x +2y - 2z=1 and two
units away from it
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[Ch3- Page 1] Calculus I Functions of Several Variables

1- Functions of Several Variables

Suppose D is a set of n-tuples of real numbers (x,x,,x;,...x,) a real-valued function f on

D is a rule that assigns a unique (single) real number
w=f (xl,xz,x3,...,xn)

to each elementin D. The set D is the function’s domain. The set of w-values taken on by
fis the function’s range. The symbol w is the dependent variable of f, and f is said to be a
function of the n independent variables to We also call the ’s the function’s input variables
and call w the function’s output variable.

/\‘ flxy)
(x.y)

‘\__/.

0 x I
D (a,b) fla,b)
.\-\____//
» Domains and Ranges

Example [1] For each of the following functions, find the domain and range.

(@) f(x,y)=4y-x° (b) f(x,y)=xln(y2—x)
() f(x,y)=49-x-p"? (d) f(x,y)=—“xx-l_y-|_1

-1

| Solution

(@) f(x,y)=+y-x°
Domain

y-x>20

xZSy

~D :{(x,y)|y —-x’ ZO,x2Sy}
Range ~R= [O, +oo)

(b) f(x,y):xln(yz—x)

Domain

y2-x>0

x <y’

~.D :{(x,y)|y2—x >0,x <y2}
Range ~.R =(~00,+0)
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() f(x,y)=«/9—x2—y2

Domain

9-x’—-y*2>0

x*+y*<9

~D ={(x,y)|x2+y2 S9}
Range ~R :(O,+oo]

@) f(wy)=YEE
Domain

x+y+1=20 x+y=>-1
x #1

~D ={(x,y)|x +y 2>-1,x 7&1}
Range 2R =(~0,0)u(0,+0)

H.W 1-Find the domain for each function :

(D f(x,y)=y-x-2

(2)  f(x,y)=In(x*+y*—4)

(x -D(y +2)
R Ty Py
o e
(5)  f(x,y)=cos(y —x?)
6)  f(x,y)=In(xy +x —x -1)
(7) f(x,y):\/(x2—4)(y2—9)
® S ()=

9 f(x,p)=Y22

X
(10) f(xsyaz):\/4_x2+\/4—y2+\/4—22

(1 f(x,y)= 2 2
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> Limits

Example [2] Find

+3 .
(a) lim XX () lim x2+y’
(x y)—>(01)x y+5xy y (x.»)>(3.4)
lim x’-xy . 4xy?
c d lim
2 xw<oo>\/_ v . (e300 x 2 4 p?
. xy . 2x %y
lim () lim
() (x)=(00) x 2 432 / ()00 x * 4y
Solution
(@) lim 2x —xy +3 :
()0 x "y +5xy —y
lim xX—-xy+3 0-0x1+3 _ 3
(=00 x %y +5xy —y° 02 x1+5x0x1-1°
b li 4y’
®) (xy)1—>m3 -4) vy
NoE =32 +(—4) =425=5
(xy%(3—4)
x’ X —=xy
lim
(e) (x.7)—(0.0) \/_ \/_

lim (x - Xy \/_+\/_J
(xy)»(oof\f xyemo)f\ffhf

[x T) (V)
_uﬁﬁw{ [ J im e (V) =000+0)=0

) lim 4xy
(x.7)=(0.0) x 2 +y

Let y =mx

o A ? B 4x (mx )’

(x.7)-(0.0) x 2 +y 2 (.2)-00.0) x 2 4 (mx )2
. x*(4mx) . dmx  4m(0) 0
= lim ———= Ilim - = - = ==0
)00 x 2 (14 m?) )00 1+m?  1+m> l+m
(e) lim —2
(x2)=(0.0 x “ 4y
Let y=mx
4xy ~ im 4x (mx )

(s o00) 2 +y? w200 5 2 4 (e )
y =mx
im x*(4m) _ 4m
@)=00x 2 (1+m?) 1+m?
This limit changes with each value of the slope m. There is therefore no single number we
may call the limit of f as (x, y) approaches the origin. The limit fails to exist.

Not —exist
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. 2x?
(f) lim 4x yz
(xr)=(00) x " 4y
Let y=kx?
2x %y . 2x 2 (kx ?)
lrr%00) 4 2 - hn%oo) 4 2)2
()00 x " 4y - (x.3)=(0.0) . +(kx )
x*(2k) 2k

Not —exist

= lim =
)00 x4 (1+k2) 1+k2

This limit changes with each value of the parameter k. There is therefore no single number
we may call the limit of f as (x, y) approaches the origin. The limit fails to exist.

» Continuity

» Definition A function f(x, y) is continuous at the point if

1- f isdeﬁnedat(xa,yo)
2- lim f (x,y) exists

(ry)=>(x5.50)

3- lim f(x v)=f(x,.»,)

(6.3 )05,

A function is continuous if it is continuous at every point of its domain.

> Exercises 3-2

H.W 1-Find the limits :

2 2 2
(1) lim 3’52—yz+5 (2) im (L4l
(x2)>(00) x "4y~ 4+2 (x.y)=>(2,-3)

y
x2=2xy +y° Xy —y—2x+2
3 lim ——=—=— (4) lim
(3) (x.y)-(L) X -y (x.y)=>(L1) X -y
-y +24x =2
(5) lim y+4 (6) lim =2 Jx Y
()= x %y —xy +4x* —4x (x.)=(0.0) Jx =y
7) lim 4 ®)  Gim Y2y -2
(r)=>(2.2) [x +y -2 (x.y)=(2,0) 2x -y —4
—\y +1
Ol ylgn%“)‘/;—y 100  lim 2=
x,y )—>(4, X _y _1 (x,y)ﬁ(22)x _y
: 2+ 2
an yl}n%oo)w (12)  lim = Ty
xy)=(00) x4y ()= x +y
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2- Partial Derivatives

> Partial Derivatives of a Function of Two Variables

If fis a function of two variables, its partial derivatives are the functions fx and f, defined :

(e )= timl ”’»y)—f( )

h—0

fy(x,y)zl f(x ,y+h) (x,5)

Notations for Partial Derivatives If z =f (x,y ), we write

fober)=f = L=l (er)= Zi -Df =D.f
B _1_& 0z _
o wy)=t, =5r =g, W)= =f2=Df =Df

Rule for Finding Partial Derivatives of z =f (x,y )

1. Tofind f., regard y as a constant and differentiate /' (x,y ) with respect to x.
2. Tofind f;, regard x as a constant and differentiate f (x,y ) with respect to y.
» Functions of More than two Variables

In general, if u is a function of n variables, u =f (x,x,,x,,x,,x5,...x,, ), its partial derivative
with respect to the ith variable x:is :

1. (x’y):}.iirolf (X yerres XX +h,xi+l,.....xhn)—f (X153 50X 55X 4 X g X, )
> Higher Derivatives
2 2
(/). =fu =fu %(%)=fo2=2:2
2 2
(1), =/ —fu:%%jz ;gx ) ai :
2 2
A
o2, e
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[Ch3- Page 6] Calculusll Partial Derivatives

Example [3] If £ (x,y):x3+xzy3 -2y?, find £, (2,1)and /, (2,1)

| Solution

f. (x,y):z:3x2+2xy3
Ox

f. (2,1):%:3(2)2+2x2x13 =16
X

fy(x,y)=zi=3x2y2—4y
y

_ Y 32 (1) —4x1=8
f,(x,») o

Example [4] Calculate %and g

ox oy
2y . X
_ _ h)— =
a)-  f(x.,y) s )= f(x.y) Sln(le

|Solution

2
a)-  f(xy)=—=

y +cosx

0 0
o (v +cosx )a(zy )-2y a(y +cosx ) (y +cosx )(0)—-2y (—sinx) 2y sinx

o (y +cosx )’ (y +cosx )’ (y +cosx )’
0 0

oy (y +cosx)$(2y)—2y 5()} +cosx)= (v +c0sx )(2)—2y (1) _ 2cosx

oy (y +cosx )’ (y +cosx )’ (y +cosx )’
( x

b)- f(x,y):sln(H_yj

%“OS(lfy jxg[liﬂ

O o-x 2 s
it o
{5 )

0 0
i:cos( il jx{(“—y)ay()”_x &y(l+y)]cos( al jx{(1+y)(0)—x (1)}
4 I+y (1+y) I+y (1+y)
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Find giif the equation

X
a)— yz-Ilnz=x+y by— x’+y’+z’+6xyz =1
Solution
a)— yz-lnz=x+y
0 0 0 0
) -Lnz)=L)+ L
6x(yz) ox e ox *) Gx(y)
a—Z—la—Z:HO
Ox z Ox
0z 1
Zly—= =1
ox (y zj
oz _ z
ox zy -1
by— x’+y’+z’+6xyz =1
a ( 3) a 3 8 ( 3 6 a
— +— +—(z%)+—(6 =—(1)
Ox g 8x(y) ox : ax(xyz) Ox

3x2+0+3228—z+6y (x a—Z+zj:O
ox ox

3x2+3zza—z+6yx a—Z+6yz =0
ox ox

(3z >+ 6yx )a—Z:—(?)x2 +6yz)
ox

0z __x2+2yz

ox 224+ 2px

Example [6] Find the second-order derivatives
a)— f(x,y)=x3+x2y3—2y2 b)— f(x,y)zxcosy+yex

|Solution
a)-  f(x,y)=x’+x’y’-2y°
fx:1=i(x3+x2y3—2y2)=3x2+2xy3
ox Ox
8f a 3 2.3 2 2.2
=% ay(x x?y’=2y?)=3xy’ -4y
azf 0 0 2 3 3
== =—(3x"+2 =6x +2
2 2
f. =i=]fxzi=i x):i(3x2+2xy3)=6xy2
Yooxoy T oyox oy oy
62f 0 0 2.2 2
fo =gy V) =g, (3 mdy)=exy -4
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[Ch3- Page 8] Calculusll Partial Derivatives

b)— f(x,y)=xcosy +ye"

fo=L % (x cosy +ye*)=cosy +ye’
ox  ox
7 =%:§(x cosy +ye' )= —x siny +e'
S =%=§x x)=a%(cosy +ye*)=ye*
- :%:fyx Zai%:%(fx):%(cosy +ye')=—siny +e*
I =%=%(fy):£(—x sin y +e")=—x cos y

> Exercises 3-3

H.W 1- Calculate iand i:

ox oy
1)—- f(x,y)szy ~Tx?=y*4+3x =6y +2 2)- f(x,y):(xy —1)2
D S (ey)=x e 9 S )
- f(xy)=""2 6)- [ (x.y)=e"

xy —1
- f(x,y)=In(x+y) 8)— f(x,y)=sin*(x -3y)
99—  f(x,y)=sin"(xy) 10)— f(x,y)=e"sin(x +y)

H.W 2-Calculate the Second-Order Partial Derivatives
D— f(x,y)=x+y+xy - f(x.y)=ye -y
3)-  f(x,y)=sinxy 4-  f(x,y)=In(x+y)
55—  f(x,y)=x’y +cosy +y sinx 6)— f (x,y)=xsin(x?y)
7)— f(x,y)=xey+y+1 8)— f(x,y)zsinz(x—?’y)
9)— f(x,y)=tan_‘(1) 10)— f (x,p)=—2
X X +y
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3- the Chain Rule

If y =f (x)and x =g (+)where fand g are differentiable functions, then y is indirectly a
differentiable function of ¢ :
dy dy dx
dt  dx dr
For functions of more than one variable, the Chain Rule has several versions, each of them
giving a rule for differentiating a composite function.

» The Chain Rule (Case 1)

Suppose that z =f (x,y)is a differentiable function of x and y, where x =g(¢) and

y =h(¢)are both differentiable functions of ¢. Then z is a differentiable function of ¢ :
de oz dv oz dy

dt  ox dt oy dt
» The Chain Rule (Case 2)

Suppose that z =f (x,y)is a differentiable function of x and y, where x =g (s,t) and

y =h(s,t)are both differentiable functions of ¢. Then z is a differentiable function of ¢ :
0z 0z Ox 0Oz Oy 0z 0z Ox 0z 0y

ds oOx ds 9y Os o ox ot oy ot

z
dx dy
X y
ox / \ dx dy [T\
r')s/ \ar as/ \at
s { S t
» The Chain Rule (General Version)

Suppose that u is a differentiable function of the n variables x;, x», . . ., x.and each x;is a
differentiable function of the m variables ¢, ¢, . . ., t.. Then u is a function of t,, #,, . . ., tu:

0z Oz Ox, 0Oz Ox, Oz Ox, 0z Ox, 0z Ox,
—= + + S — b —
ot, ox,ot, O0Ox, Ot Ox, Ot, ox, Ot, ox, Ot
» A Formula for Implicit Differentiation w=Flxy)
w _ _w
Suppose that F(x, y) is differentiable and that the equation x5 oy
defines y as a differentiable function of x. Then at any point where x v =h()
F #0
y

dy _ p
I =W
y — X X

dx F 3 dw dy

T=F14F-
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Example [7] Find (dw/dt) if w=xy+z

X =cost y =sint z =t

| Solution

w=xy +z X =cost y =sin¢ z =t Chain Rule

dw = ow di+6w dl+6W di w = f(x,y,z) Dependent
dt  ox dt Oy dt 0z dt variable
D () (=sint)+(x ) (cost )+ (D(D)

dt Intermediate

iabl

a;—v::(sint)(—sint)+(c0st)(cost)+l e
aw _ sin’# +cos’t +1 Independent
dt t variable
dw dw dwdx dwdy | dwdz
—=1+cos2t dr “axdr Taydr Yoz ar

dt

Example [8] Express (ow /or)and(éw /6s) in terms of r and s if
w=x+2y+z°’ x=L y =r’+Ins z =2r
s
Solution
w=x+2y +z° x=_ y =r’+Ins z =2r
s
ow _ow 8l+8w Q{_@w@_z
or oOx or 0oy or 0z Or

§TL::0)(lj+(z)(zr)+(zz)(2)
or s

51:(1)(lj+(z)(zr)+(zxzr)(z>
r N
al:l+12r
or s
ow _ow Ox Ow dy  Ow Oz
Os Ox Os Oy Os Oz Os
alzu)(%}(z)(l}(zzxo)
os s s
ow 2 1
os s s’
Dependent "
variable ;
f
Int diat l__x __________ :
s 1 b L]
Independent
variables y
w = f(g(r,s), h(r,5), k(r, s)) dw _dwox , dwdy 9w dz
ar dax dr Jdy dr dz ar

ow _ow ax
ds — dx ds

Jw dy

dy | awaz
dy ads dz ds
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Example [9] Find (dy/dx) if y2—x?—sinxy =0
Solution

F(x,y):y2—x2—sinxy

dy _ F, _2x +ycosxy

X

dx F, 2y —xcosxy

H.W 1-Evaluate dﬂat the given value of t:

dt
D- w=x’+y° x =cost y =sint
2)- w=x"+y’> x =cost+sint y =cost —sint
) 1

H- w=24L  x=cos’t y =sin’t z =-

z z t
H- w=In(x’+y*+z?) x =cost y =sint z =4t
5) - w =2ye* —Inz x =In(2+1) y=tan't z=e¢
6)— w =z —sinxy x =t y =Int z =e'"
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1- Directional Derivatives

» Gradients

The gradient vector (gradient) of f(x, y) at a point is the vector

vi=i o, oy
ox oy oz

obtained by evaluating the partial derivatives of f at Po.

» Directional Derivatives in the Plane

The derivative of f at P,(x,,y,,z,)in the direction of the unit vector A=aji+a,j+akis the
directional derivative defined by (D,f )|

£

If ¥ (x,y,z)isdifferentiable in an open region containing P,(x,,y,,z,)then the dot product
of the gradient Vf at P,and u.

@ij =(D.f ), =(V/ ),

Line x = xq + suy.y = yg + su,

.

u =i+ uzj

Direction of
increasing s

R

N
Po(xo, ¥o)

Evaluating the dot product in the formula
D.f =Vf -u =|Vf|-lulcos 6 =IVf |cos 6
where 0 is the angle between the vectors u and V£, reveals the following properties :

1. The function f increases when (8=0) cos 0 =1 =  Df =IVf]
2. The function f decreases when (6 =r) cos@=—1 =  Df =-|Vf|
3. The function f zero change when (8=7/2)  cos =0 = DS =0
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[Ch4- Page 2] Calculus Il Directional Derivatives

Find the derivative of /' (x,y,z )=cos (xy )+e’* +in(zx ) at P,(1,0,1/2) in the

direction of vector A =i+2j+2k.

Solution
The derivative of function f (x,y,z) at point P, in the direction of unit vector G =ai+bj+ck

isthe number:

(D), =(V/ ), @

(5 )&y
’ oy . 0z

Since (V) =(gij
o X

Therefore, the Vf is:

1
9 =(—ysin(xy)+—j =1
ox k X (1,0,%)
g (—xszn xy +zeyz) . :l :(Vf)‘ :i+lj+2k
oy 10-) 2 P, )
2

2] 2],
0z (10)
: . A ai+bj+ck i+2j+2k 1, 2, 2
Since i=—= = ——i+Zj+=k

Al Va+b+e APe2re22 30373

A (. 1. 1, 2, 2 1 1.2 2

(Duf)|pu :(Vf)|po -u:(‘+5J+2kj-(§l+§J+§kj=(1><§)+(5><§)+(2><§):2 < Ans.

Example [2]

Find the derivative of f(x,y) :xtan‘l(lj at P,(1,1) in the direction of
X

vector A=2i—j.

| Solution

%)
ox ’

=| X

_Y

2 aly T=2
()| 22
1+ 2

x

(LD

1
x —+—
k, 1.,.(3’)
X (L
ai+Dbj 2i-j3 2

Since 1=— A_ = — —L
Al Va2 V221 NG \/_
/2

0k 52 G )5

< Ans.
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[Ch4- Page 3] Calculus Il Directional Derivatives

2 2

Example [3] Find the derivative Off(x,y)=%+y7

zero change

at P (1,1) , increases, decreases and

J

PD

| Solution
(T .9
(V7 ), ‘(ax),,n”(ayj

Therefore, the Vf is:

(&) ==
5

:>(Vf)‘Po =i+j

=(»)|,, =1
P,
\%i 1+] |

I .
:—__l+_
Vil e 2 2

>

) . 1 1
1. The function f increases when (8=0) cos 6=1 = 0=—0i+—j
/ NNk

>

) 1 1
2. The function f decreases when (@=7x) cos6=-1 = A =i
/ NN

3. The function f zero change are the directions orthogonal when (8=7/2)

&

— 1. 1 .
n=——f—I1+—F4
NoRN &

—-_n =

1. 1 .
_l__
NN
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Tangents to Level Curves

2- Tangents to Level Curves

At every point P(x,, y,) in the domain of a differentiable function f(x, y), the gradient of f

is normal to the level curve through

(X0, Yo)

The level curve f(x, y) = f(xg, vo)

B ) (x0.vo)
e Vf(xg. vo)

» Tangent Planes and Normal Lines

The tangent plane at the point P(x,,y,,z,) on the level surface f(x,y,z)=c of a

differentiable function f is the plane through P, normal to (Vf )\

Pl)

fo(B)x =x)+f, (P -y )+f. (P,)(z —z,)=0

the tangent line
/. (P,

In surface f(x,y)=z

fo(R)x =

The normal line of the surface at P, is the line through P, parallel to (Vf )\

x=x, 4/ (B

Example [4]

)& =x)+f, (P)(y -y,)=0

x)+f, (P -y,)+(E-z,)=0

F,
y:y0+fy (Po)t z =z, +f, (Po)t

2

Find an equation for the tangent to the ellipse xT+y2 =2at the point (-2,1)

| Solution
_ =2 _
2

) (-2.1)

/o (R) =2y, =2x1=2

-1

fx (Po)(x _xo)+fy (Po)(y -

(D@ —(2)+Q2)(y -1 =
—-x —2+2y -2=0
x =2y =—4

VA2 1) =i+ 2j x—2y=-4
=0 q y
Y,) T
0 (-2,1)
| | | | ¥
-2 -1 0 1 2 o3
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[Cha4- Page 5] Calculus I Tangents to Level Curves

Example [5] Find the tangent plane and normal line of the surface at the point (1,2,4)
f(x,y)=x+y>+z -9

| Solution

x*+y*+z-9

( ):(2x)|124 :2)(1:2 The surface
(R)=(2y)]  =2x2=4 LY YA
( )= (1)|(124) Normal line

fo(B)x=x )+, (P)y -y )+/.(P,)(z -2,)=0

Qx-D+@Dy -2)+D(z -4=0

2x +4y +z =14 P
x=x,+f (B)  y=y,+f, () z=z,+f.(P) / T

x =142t y =244 z =4+t

- Tangent plane

Example [6] Find parametric equations for the line tangent to the curve of intersection
of the surfaces at the point P(1,1,3) x*+y*-2=0and x +z —4=0

|So|ution
n=Vf,xVf, Z
The plane
x*+y*-2=0 x+z-4=0

glx, ¥, 2)

/i (Po):(zx )|(1,1,3) =2x1=2
£ (B)=(2y)],,, =2x1=2
/- (Po ) = (O)|(1,1,3) =0

Vfi=2i+2j
x+z-4=0
fo(P)=5 =1 T(};e ih;jse E
f, (Po ) :(O)|(1,1,3) =0 Vf x Vg
S (Po):(1)|(1,1,3) =1 ~
i j k
n=VfxVf,=2 2 0|=2i-2j-2k / \ ,
1 0 1 X Bli C;leigdgr:o
e a—
X=x,+nt y=y,tnt z=z +ny fley.2)

x=1+2%  y=1-2%  z=3-2
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[Ch4- Page 6] Calculus Il Tangents to Level Curves

Find the derivative of f(x,y)=x>+y*+z? in the direction of the unit
tangent vector of the helix r=(cost )i+ (sint)j+tk at (t =—z/4)

Solution

(Dur ), =(v )],

i+[i) j+(%J
P oy r 0z

Therefore, the Vf is :

Since(Vf )|, = (gij
o X

: - - - 1 -1 -
k Point P, (COS (—”j,sin [—”j,—ﬂ)=Pa (___]
I 4 4) 4 227 4

o
— | =(2 =2
o ), " Mg
of . .
=1 =(2 o =2 = (V)| =V2i-V2j-Zk
W), ””iﬁfm (¥, )
of -7
2 =(2 o = —
= R ST
Since unit tangent vector ris:
dr
Voodr (—Sint)i+(c0st)j+tk (—sint]i+(costJ_ 1 L 1. 1. 1
=—= = = jt—=k , u=T - =—i+-j+—=
T R s o e - W PPN
dt
The derivative is :
“ . . T I, 1, 1 /]
(Duf )‘Pa :(vf )‘Pu -11:(ﬁl—ﬁj_gk).(51+aj+$kJ:m < Ans.

Example [8] The derivative of f(x, y) at a point P, (1,2)in the direction of the vector A = |
+]is 24/2 and the direction of the vector B =-2jis —3. What is the derivative
of fin the direction of the vector C=-i -2j ?

| Solution
The derivative of function f (x,y) in the direction of the vector v is the number :

(Duf )|, =(Vf )], &
Since Vf =f.i+f,j  Therefore, (Duf )\P :(fxi+fyj).(u1i+u2j)zfxul+fyu2

The uis :
Y. SN b S S U
Al iEer 20 2
. B 2

B (-2)

. C —i-2j -1,

2,
I T
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[Ch4- Page 7] Calculus Il Tangents to Level Curves

Therefore,

(Duf )‘ =f u, +f u,

atti, = Duf = 2\/_—\/_ \/_ = A= 4f, (1)
ati, = Duf =-3=0f, +(-1)f, = 3=f, (2)
L fo=1, f, =3
i O e TP e Pl
atu, = Duf =1 [\/gj+3 (\/g) NG < Ans.

Example [9] In what two directions is the derivative of f (x,y ) =xy +y’equal to zero at
the point (3,2)?

| Solution

Since the derivative of this function is equal to zero. Therefore, (Duf )|, =0 = a L(V/),

i= (), =)

£,

(3,2)i+(x +2y )\(3,2) j=2i+7j

n=-7i+3j (Note:Ifv=qai+bj,thenn, =-bi+ajandn, =>bi—aj are perpendicular to v)

n Tt / it 2 j < Ans

[y VBV '

ﬁzz—ﬁl=—i——j < Ans.
V53 53

Shaw that the curve r=+ri++rj+(2-1)k is tangent to the surface
x*+y’—z=1whent=1

Solution
In order to we are proved that the curve is tangent to the surface, if the result of the dot

the derivative of the surface by vector of the curve equal to zero (Vf |MMD \ (. =0)

dr 1, 1. 1, :
:E,O =£ﬁ1 J_J+2kj 514—5_]4—21{ Point (\/t_,\/t_,+(2t—l))t:1 =P (111)
(V)] =(2x)|, i+(2v)[, i+(-1), k. =Vf =2i+2j-k
Vva:(2i+2j-k)E(%i+%j+2kj=0 < Ans.
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[Ch4- Page 8] Calculus Il Tangents to Level Curves

xample [11] Find the points on the surface xy +yz +zx —x —z> =0 where the tangent
plane is parallel to the xy-plane .

| Solution
Since, (z = ¢) is equation of the plane parallel to the xy-plane Equation of the tangent plane

fo(x=x,)+f, (y=»,)+f. (2 =2,)=0

When the tangent plane is parallel to the xy-plane, therefore :

D.f =Vfli=f_ =0 & D.f =Vflj=f,=0
f.=y+z-1=0 = y=l-z (1)
f,=x+z=0 = X ==z e (2)

Substituted in surface equation to we get the points :
(—Z)(l—z)+(1—z)z +z (—z)—(—z)—22=0 = z-2z"=0

Sz=0 & z=—

j < Ans.
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> Exercises 4-1

H.W 1-Find the gradient of the function at the given point.
(1) f(x,y)=In(x>+y?) (1,1)

(2) f (x,y)=+2x +3y (-1,2)

N

(4) f(x,y,z)=x’+y>-2z"+z Inx (1,1,1)

(5) f(x,y,z)=yx’+y>+z7 +In|xyx| (-1,2,-2)

(6) f(x,y,z)=e"" cosz +(y +1)sin"'x (0,0,7/6)

(7) f(x,y,z)=xe’ +z* (1,In2,1/2)

(8) f(x ,y,z):ln|x2+y2—l|+y + 6z (1,1,0)
H.W 2-Write the tangent line equation.

(1) x*+y° =4 B,(JE,JE)

(2) x*-y =1 7,(V2,1)

(3) xy =—4 P,(2,-2)

(4) x*—xy +y*= P,(-12)

(5) xe’ —ye* =5 P, (4,1)

H.W 3-Find the derivative of the function at P, in the direction of u.

(1) f(x,y)=2xy -3y* P, (5,5) u=4i +3j
(2) f(x.p)=""2 P, (1,-1) u=12i +5j
xy +2
(3) f(x,y):tanl(1j+ 3sinl(%j P (1,1) u=3i-2j
X
(4) f(x,y,z)=xy +yz +zx P (1,-1,2) wu=3i+6j-2k
(5) f (x,y,z)=cosxy +e* +In|zx| P (1,0,1/2) u=i+2j+2k

H.W 4-Find equations for the tangent plane and normal line at the point on the surface
(1) x’+2xy -y’ +z>=7 P (1,-1,3)
(2) cosmx —x*—-xy—y*-z=0 P (1,1,-1)

H.W 5-Find parametric equations for the line tangent to the curve of intersection of the
surfaces at the given point.

(1) x*+3x%y’+y  +4xy —z> =0 , X +y*+z7 =11 P, (1,1,3)
(2) x*+y2=4 ,  x’4y’-z=0 P,(V2.42.4)
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[Ch4- Page 10] Calculus Il Estimating the Change in f in a Direction u

3- Estimating the Change in f in a Direction u

To estimate the change in the value of a differentiable function f when we move a small
distance ds from a point P, in a particular direction u, use the formula

df =((/ )|, -u) ds

Distance

Directional increment

derivative

Estimate how much the value of 1 (x,y,z )=y sinx +2yz will change if the
point P(x,y,z ) moves 0.1 unit from P, (0,1,0)straight toward P,(2,2,-2)

Solution
. PP P4
PP =2i+j-2k y=tohi 2 HJ 22K =§i+lj—3k

Popl‘ 22 +12 422 373
fx(Po)=(ycosx)|(0,l,0):1><1:1
[y (P)=(sinx +22)| ~=0+2x0=0
f.(P)=(2y )m =2x1=2
(Vf )|, =i+2k
(Vf)‘POLi:—xl—%xz:_g

4- Linearization

The linearization of a function f (x,y,z)at a point P (x,,y,,z,)where f is differentiable
is the function
L(x,y,z)=f (P)+f, (P,)x —x)+f, (P)y —y,)+/.(P,)( ~z,)
The approximation

f(x,y,z)zL(x,y,z)

is the standard linear approximation of f at (x,,y,,z,)-

2
Example [13] Find the linearization of f (x,y )=x>-xy +y7+3at the point (3, 2).

| Solution

2
f(Po):32—3x2+2?+3:8

fo(P)=(2x ~y)|,, =2x3-2=4 [y (B)=(=x +y)|,, =-3+2=-1
L(x,y)=f(P)+f (P)x =x)+f,(P)» ~»,)
L(x,y)=8+4x(x -3)+(-D(y -2) L(x,y)=4x -y -2
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5- Extreme Values and Saddle Points

Let f(x, y) be defined on a region R containing the point (a, b). Then

1. f(a, b) is a local maximum value of f(x, y) if for all domain points (x, y) in an open disk
centered at (a, b).

2. f(a, b) is a local minimum value of f(x, y) if for all domain points (x, y) in an open disk
centered at (a, b).

Local maxima
(no greater value of f nearby)
\

N
Local minimum —*®

(no smaller value
of fnearby)

> First Derivative Test for Local Extreme Values

If f(x, y) has a local maximum or minimum value at an interior point (a, b) of its domain
and if the first partial derivatives exist there, then f«(a, b) = 0 and f,(a, b) = 0.
» Second Derivative Test for Local Extreme Values

Suppose that f(x, y) and its first and second partial derivatives are continuous throughout
a disk centered at (a, b) and that fi(a, b) =0 and f,(a, b) =0. Then H =(f.f,, —f.>)
1. f(x, y) has a local maximum at (a, b) if /., <0 and H >0 at (a, b).
2. fix, y) has a local minimum at (a, b) if /. >0 and H >0 at (a, b).
3. f(x, y) has a saddle point at (a, b) if H <0 at (a, b).

4. The test is inconclusive at (a, b) if H =0 at (a, b). In this case, we must find some
other way to determine the behavior of f at (a, b).

Example [14] Find the local extreme values of the function
f(x,y)=xy-x>-y*-2x -2y +4

Solution
f(x,y)=xy—-x’-y*-2x -2y +4
f.=y-2x-2=0
fy =x -2y -2=0
Solve Critical Point (x,y )=(-2,-2)
fo =2 S =1 f, =2
H=f.f,~fa = (2)(-2)-(1) =3
~H >0 & f.. <0

. The f has a local maximum at(—2,-2).
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Find the local extreme values of the function
f(x,y)=3y2—2y3—3x2+6xy

Solution

f(x,y)=3y2—2y3—3x2+6xy

f.=—6x+6y =0 = X =y
fy:6y—6y2+6x:0 = 6y —6y°+6y =0
6y(2—y):O y =0 or y =2

The two critical points (0,0) &(2,2)

Ja =0 fy =6 f,, =6-12y

H=f.f,~f2=(6)(6-12y)-(6) =72(y ~1)
Test a point (0,0)

H=72(y -1)=72(0-1)=-72

wH <0

. The f has a saddle point at (0,0).

Test a point (2,2)

H=72(y -1)=72(2-1)=72

“wH >0 &  f,.<0

. The f has a local maximum at (2,2).

6- Lagrange Multipliers

The method of Lagrange multipliers a powerful method for finding extreme values of
constrained functions.

Suppose that f(x, y, z) and g(x, y, z) are differentiable and Vg =0 when g(x, y, z)=0. To find
the local maximum and minimum values of f subject to the constraint g(x, y, z) (if these exist),
find the values of x, y, z, and 2 that simultaneously satisfy the equations

Vf =AVg and  g(x,y,z)=0

For functions of two independent variables, the condition is similar, but without the
variable z.
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[Ch4- Page 13] Calculus Il Lagrange Multipliers

Example [16] Find the greatest and smallest values that the function f (x,y ) =xy takes
2 2
on the ellipse P A
8 2
|So|ution
x2 y2
x,y)=—+—-1=0

gley)="+7

VI =fi+f,J=yi+xj Vg=gxl+gy]:(zjl+(y)] Vf =AVg

o x ). ) . [ Ax ). .

Vi +Xj :l([zjl +(y )]j Vi +Xxj :(T)z +(Ay)j

Ax A(Ay) A

y 4 X Y Y 4 4 Y

A (/12 j

2 y—y=0 Z _1]=0

4 y =y Y 4

y =0 = (0,0)
or A=%2 = x =12y

+2y) 3?2

( g) +y7:1 = y =%l = (£2,1),(%2,-1)

The origin point (0, 0) is not on the ellipse. The function therefore takes on its extreme
values on the ellipse at the four points (£2,1),(#2,~1). The extreme values are xy =2 and

xy =-2.

Find the maximum and minimum values of the function f (x,y )=3x +4y
onthecircle x*+y* =1

Solution
g(x,y):x2+y2—1:0
Vf =fxi+fyj =3i +4j
Vg=g.i+g,j =(2x)i +(2y)j

Vf =AVg 3i+4j =A((2x)i +(2y) )
3 2
3=24 = 4=21 St
g Y 4 )

24 5 A 5 55

We see that its maximum and minimum values on the circle x*+y?*=1 are:

3. 4 3 4
—3x2+4x==5 — 32 4x2o5
f(x,y) X5+ ><5 f(x’y) x5 XS
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> Exercises 4-2

H.W 1- Estimating Change. By about how much will function f(X,y)ZlnMx2+y2+zz‘

change if the point P(x, y, z) moves from Po(3, 4, 12) a distance of ds =0.1 unit in
the direction of 3i + 6j - 2k.

H.W 2- Find the linearization of the function at each point.

(1) f(y)=x+y’+1 P(11)

(2) 7 (x,p)=xy" P(1L1)
f(x,y)=e"cosy P(O’Ej

(4) f(x.y)=e P(1,2)

(5) f(x.y.z)=x*+y’+z’ P(0,1,0)
f(x.y.z)= sin(ay) P(2,0,1)

) f(x,y,z)=e" +cos(y +z) (OZ Zj
(8) f (x,y,z)=tan" (xyz) P(1,1,0)

H.W 3- Find all the local maxima, local minima, and saddle points of the functions

(9) f(x,y)=x’+xy+y°+3x -3y +4

(10) £ (x,y)=x+3xy +y
(11) £ (x.y)=4xy —x*=y*

1
(12)f(an’):x2+y2_1
(13) f (x.y)=e"

(14) f (x.y)=e” (x*+y?)
(15)f (x,y)=x"p*
(16)f (x,y)=In|x +y|+x* -y

H.W 4- Extrema on an ellipse Find the points on the ellipse x*+2y* =1 where f (x,y )=xy
has its extreme values.

H.W 5- Maximum on a line Find the maximum value of f (x,y)=49-x>-y? on the line
x +3y =10

H.W 6- Extrema on a line Find the local extreme values of f (x,y)=x?y on the line

x+y=3
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[Ch5- Page 1] Calculus I Polar Coordinate

To define polar coordinates, we first fix an origin O (called the pole) and an initial ray from
O. Then each point P can be located by assigning to it a polar coordinate pair (»,0)in which r

gives the directed distance from O to P and @ gives the directed angle from the initial ray to
ray OP.

P(r, 0)
r
Origin (pole)
|
0 —
Initial ray

Aﬂr, 0)
Directed distance from O to P \‘Directed angle from initial ray to OP

7\ _ pfy 117
P(Z,g)—P(z, 6)

X

Initial ray

R

Find all the polar coordinates of the point P(2,7/6)
Solution

For r=2, the angles are

T V4 V4
—,—x27,—*4nx,—*67......

6’6 6 6 - (_2, 7_w)

(2,%+2n7zj n=0,+1,42,43, ..

For r=-2, the angles are

Initial ray

» Definition
x-coordinate x =rcosd
y-coordinate y =rsind
r-coordinate rr=xt4y?
G-angle tang =2
X
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Find a polar equation for the circle x* +(y —3)2 =9
Solution

x4+ (y —3)2 =9
x’+y> -6y +9=9
r>—6rsinf=0
r =6sind
Replace the polar equation by equivalent Cartesian equations » =4cos@
Solution
r =4cosé Xr

r? =4rcosf

x’+y’=4x
x'—4x +4-4+y°=0
(x -2V +y>=4

> Exercises 5-1

H.W 1-Replace the polar equations with equivalent Cartesian equations.
1] r =4sin@
] r’sin20 =2
] r =4tan@sech
4] r =cotfcscl
] r =cotfcscl
] rsin@=1Inr+Incosé
]

rcos@

r =cscle

8] r:_;
sin@—2cosf@

H.W 2-Replace the Cartesian equations with equivalent polar equations.
1]- x*-y*=1

2]- xy =2
3. (k42 +(y-5) =16
4]. y2=4x
5]- x—-y=3
6]- \/x2+y2:xy
2 2
7] x_+y_=1
9 4
2 2
8] Y X
9 4
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3- Graphing in Polar Coordinates

» Symmetry

J. Symmetry about the x-axis. If the point (,0)lies on the graph, then the point (r,—0)
or (-r,z—@0)lies on the graph .

Z. Symmetry about the y-axis: If the point (r,0)lies on the graph, then the point
(r,7—0)or (-r,—0)lies on the graph .

5. Symmetry about the origin. If the point (r,0)lies on the graph, then the point (-r,0)
or (r,0+r)lies on the graph .

y )Y
0 (r,m—0) Y
(r, 0) or (—r, —0) (r,0) (r, )
: [
|
0 | *
| 0 x 0
|
(rv _0)
ot (—r, ™ — 8) (=r, 0)or (r, 0 + m)

» Slope of the Curve

dy|  _f'(@)sin@+f (6)cosd
dx |0 f'(@)cosO—f (0)sin

Example [4] Graph the curve » =1-cosé
| Solution
Symmetry
x —axis (r,0)=(r,-0)
r =1-cos(-6) = r=1-cosf OK
. 0 0
y —axis (r,0)=(-r,-0) 3 12
—r =1-cos(-6) = r=—1+cos® Not O K /2 1
Origin (r,0)=(-r,0) 2n/3  3/2
—r =1-cos@ = r=—1+4cosé Not O K T 2
The curve is Symmetry about the x-axis
3 2w
5%
1, o
(3) -
3
2 ! 1 o
(33)
(m,2)— 3 0 X
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[Ch5- Page 4] Calculus I

Graphing in Polar Coordinates

Example [5] Graph the curve r* =4cos®

| Solution
Symmetry
x —axis (r,0)=(r,-0)
r* =4cos(-0) =  r’=4cosl OK
Yy —axis (r,0)=(-r,-0)
(—r) =4cos(-0) =  r*=4cosb OK
Origin (r,0)=(-r,0)
(=)’ =4cos 6 =  r’=4cosb OK

The curve is Symmetry about the x-axis, y-axis and origin

Example [6]

r? =4cos 0

0 2
n/6 1.9
n/4 1.7
n/3 14
/2 0

Find the intersections of the curves » =sin@ and » =1—sin@

| Solution
r =sin@
n=r

sin@=1-sin@

2sind =1
siné’:l
2
g E 5T
6 6
1
==
2

r=1-siné@
9=sin‘ll
2
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[Ch5- Page 5] Calculus Il Areas in Polar Coordinates

H.W 1-Replace the polar equations with equivalent Cartesian equations.
1]- r=2+sind

2] r=sing
2

3. r*=cosé
4]. r>=—-sinf
5] r=2-2cosé
6]- r=1+2siné

71- r —cos?

2
8] r’>=siné
9] r* =4sin26
10]- > =-cos20

1
11]- r:E
12]. r0=1
13].  r=6*
14l r=mno

» Area of the Shaped Region Between the Origin and the Curve

y
r=f(0) , a<0<p
. dA = 1249
_rl 2
A_br do \ P(r, 0)
do r
N
N\
0 x
0 ~ i
» Area of the Region
0<r(O)<r<rn(@ ,  a<0<p 1 g
B
A :j%(r;—rf)de %
i
0=«
0 X
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[Ch5- Page 6] Calculus I Length of a Polar Curve

Find the area of the region in the plane enclosed by » =2(1+cos8)
Solution

r=2(+cos®)

p 27
] 1
A =I5r2d0: £5[2(1+cos0)]2d9

a

27
=2I(1+cos€)2d0
0

27 27
=2J‘(1+2cos6’+cos2 9)d6’:2'[(1+2cos¢9+%(l+cos2¢9)jd9
0 0

2z

2z
= j(3+4cos9+cos29)d9= 39+4sin9+%sin2¢9) =67  unit’
0
’ y
b r=2(1 + cos 6)
) P(r, 6)
r
0 =02
> X
0 4
-2
Example [8] Find the area inside the circle r=1 and outside the » =1—cos@
Solution
n=r, v Upper limit
rp=1—cosf 0=m/2
I=1-cosd cosd=0 49:£,—£ l R
22 2
., H 1/, 2 K,/ 0
A=I5(’”z -7 )dezA:IE(l ~(1-c0s0)’)d o .
a p 3 0
3 :
=2J.—(1—1+2c056’—cos2 9)cz’<9=_"(2c050—cos2 0)do Lower limit
0 2 0 6=-m/2

z
2

T
s

(200s0—%[1+00520])d0=(2sin0—%0—%sin20}

O 0 [y

0
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[Ch5- Page 7] Calculusll Length of a Polar Curve

Example [9] Find the total length of the cardioid r =a(1-cos®)

| Solution

r=a(l-cos®) d—r=asin9
do

- [ (a(1-cos0))’ +(asing)d0

2z
:a.[\/l—20056?+coszt9+sin2¢9 do
0

27
=aI\/2—2cos9 do=

—2a.|.,/4sm —do

:Zajs1n d@——4a(cos€ j
2 2

=—8a(-1-1)

=8a \~—;

0

/
i
\ _

> Exercises 5-3

H.W 1-Find the areas of the regions

Shared by the circlesr» =2cos@ and r =2sin8

Shared by the circles » =1and » =2sin@

Shared by the circle » =2and the cardioid » =2(1—cos8)

Shared by the cardioids » =2(1+cos@)and » =2(1—cos8)

LA

Inside the lemniscate »* =6cos26 and outside the circle » =+/3

H.W 2-Find the lengths of the curves in

1. r=6 0<0<+/5
2. r=1+cos@
3. ro2? 0<o<Z
1+cos@ 2
4. r:cos3£ 0<o<Z
3 4
5. r=+/1+sin26 0<O<xJ2
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[Ch6- Page 1] Calculus Il Double and Iterated Integrals over Rectangles

1. Double and Iterated Integrals over Rectangles

We consider a function f(x, y) defined on a rectangular region R.

Z

When f(x, y) is a positive function over a rectangular region R in the T )
xy-plane, we may interpret the double integral of f over R as the 7
volume of the 3-dimensional solid region over the xy-plane bounded D

below by R and above by the surface.

f (x ,V )dydx

Jf ey )dxdy

Evaluate the iterated (repeated) and the double integrals
3 7/2

a) j.j.xzy dydx b) J.J.(y +y 2 cosx )dxdy c) j.j. lzTydydx
01 11

-3 0

Solution

32

_”xzydydx

01
3 2\ 3 2 42 3 3 3 3
j“y_”d (2L -2 ea - 2] 2(2-8)- 2
)12 17272 24 2 (3 ), 273 3) 2

23

Iszydxdy

10
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[Ch6- Page 2] Calculus Il Double and Iterated Integrals over Rectangles

3 /2

b)I (y+yzcosx)dxdy

I I (y +y?cosx )dxdy

_I[ (yx +y?sinx) m}dy Ky x£+yzsinzﬂdy :i[(ﬁy +y2ﬂdy
3 2 2 JI\2

e 5] {3

L4 3 ), L4 3 4 3 )

723 z2 2 3 3 22 /42 A3 a2 (LAY
jj(y +y % cosx )dydx :.[ (y—+y—cosxj X = J‘K?’—+3—cosx}—(( 3) +( 3) cosxﬂdx
: 2 3 L SACIE 2 3

0 - 0

/2

= I 18cosxdx =18(sinx )|g/2 =18
0

251nydd
c) ‘HX ly dx

1 X 2

jzi((lny) \dx = ((1n5) ~(In1)’ Mx (1“25) ji=(ln5) [inx I
1

(lnS) In2=0.89773

Xy
5
:jln—y[lnx]lfdy _h’Tz((l )l 1112((1 5 —(In1)’ ):=ln—2(ln5) = 0.89773
y
1
Example [2] Calculate the volume under the plane z =4—x —y over the rectangular

region R: 0<x <2, 0<y <1 in the xy-plane.

| Solution
1

dx

0
2
-3
= Sunit
0

Joke s

-y =1
x A(x) =J 4—-—x—ydy
y=0
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[Ch6- Page 3] Calculus Il Double and Iterated Integrals over Rectangles

bd 21 2 2\[!
V = x,y )dydx = 4—x — ddx—(4 x——)dx
?.!.Z[f( J’)y .([.([( y)y ! Y =Xy 5
2 2 2
=J.(Z—x)d =(Zx _x_j = Sunit”’
2 2 .
db 12 1 52 2
V =J f (x,y )dxdy =_H(4—x —y)dxdy =I(4x —?—xyj dy
ca 00 0 0
P 1
= [(6-2y Yy =(6y —y?)|, = Sunit’
0
.
—41\
Y
\)y
24__\“\
x/ A(}):J;XZZH x—y
Example [3] Find the volume of the region bounded above by the elliptical
z =10+x>+3y” and below by the rectangle R: 0<x <1, 0<y <2
| Solution
d 12 1 2
Vo= If (x,y )dydx :“. 10+x*+3y° dydx —J-(IOy +x°y +y3)|0dx
00

c 0

1
= % =28.6667unit’

o'—.»— 2 t_.@

= [(28+2x 2 ix —(28x +§x )

0

~

3;10+x2+3y2

1.!
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[Ch6- Page 4] Calculus Il

Double and Iterated Integrals over Rectangles

> Exercises 5-2

H.W 1-Evaluate the integral:

0
12
Y
e) '([;[lerzyzdydx
g) j.j.xy«/x2+y2dydx
00

b)

d)

)

h)

xye” dydx

— e o

3
Xy
dydx
1+x? 4

|
|

=]

(IS —
S ——

jy sin(x +y )dydx
0

Xy
dydx
I+x* 4

H.W 2- Find the volume of the solid enclosed by the surface z =x*+xy* and the planes z

=0,x=0,x=5,y=2 andy=-2.

H.W 3- Find the volume of the solid enclosed by the surface z =1+x*ye” and the planes z

=0,x=1,x=-1,y=0,and y =1.

H.W 4- Find the volume of the solid in the first octant bounded by the cylinder z =16—x2

and the plane y=75.

H.W 5- Find the volume of the solid enclosed by the surface z =2+x?+(y —2)° and the

planesz=1,x=1,x=-1,y=0,and y =4.
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[Ch6- Page 5] Calculus Il Double Integrals over General Regions

2. Double Integrals over General Regions

If R is a region like the one shown in the xy-plane in figure y Y= gala)
below, bounded “above” and “below” by the curves y =g,(x)
and y =g,(x)and on thesides by the lines x =a, y =b we may | P |
again calculate the volume by : i Y=g i
0 a b X

b g,(x) 2 -
Volume :j I S (x,y)dydx o o
a g,(x) . \\\_ "
\‘X \\ \\
i)
Example [4] Evaluate the integral :
8 @iny 2 px? 1
a) j J e" " dxdy b) j- J‘ dydx
1 Jo 1Jdo X+

| Solution

In8 @iny
Solution : a) I I e dxdy
1 0

en8 @iny
= j e dxdy uy - J‘vdu
J1 0
D. I
ln.8 y In8 In8 y ey
X+ Iny+ 0+
[l =l e = e e SN
1
0 N\ e’
y y y 8 y y In8
:((ye —e )—e )1 :(ye —2e )1 =8m8+e—16 < Ans.
2 @x? 1
Solution : b) j '[ dydx
1do X+Y
2 px? 1
:j J. dydx
1do0 X +Y
2 , 2 2 2 2
=j(ln (x +y )); dx =I(ln (x +x2)—ln (x +0))dx :J.In [x -;x jdx :J.ln (1+x )dx
1 1 1 1
:((1+x)ln (1+x)—(1+x))‘12 =1In (%)—1 < Ans.
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[Ch6- Page 6] Calculus I Double Integrals over General Regions

Example [5] Evaluate the following integrals by integrating the equivalent reversed
order :
| ol LA le 2 4-x?
) J- J‘ x’e¥dxdy D) I-.-Slny dydx  c) deydx J. I xe”! dydx
0ey 0 x y 0
| Solution
Solution : a) I I e dxdy First, sketch the region of integration
0y
= J‘ e dxdy = j '[ e dydx
el ex N
= x (xe™ |dydx =I xe™ ) dx
Jo 7[0 ( ) y ( )0
0
l.
= (xe’“2 -X )dx
.0
1. 2
= (xexz — )dx :e _ < Ans.
. 2
0
, ay ax
y=1
0.6 y=x
J ax dy
x=1
0.2 0.14 0.6 8 ¥_=0 1.}4
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[Ch6- Page 7] Calculus Il

Double Integrals over General Regions

Solution : b) I J“gm J dydx
y
First, sketch the region of integration

= ﬂ.jASiny dxdy

%%
r sy g
I
= dy
( jo
v ” . .
Sln sin sin
. y y

0

3 ot

3 ot

= |sinydy =(—cos y )|Z

o
0

le*
Solution : c) J‘J.dydx
01

First , sketch the region of integration
e 1
= J‘ dxdy

1ilny

2 4—x2

Solution : d) J.

First, sketch the region of integration
4 4y

g 2y
= I e dydx
o 4_y
[UN]
4. x2 eZy 4y p eZy
0 0 0

= ((—cos 7[) —(—cos 0)) =2

25+

051

y dy dx
i / v
y=x
3+ y =1
I dx dy
X=n
< Ans.
i dy dx
y=¢é
dx dy
y =1
x=1
< Ans.
dy dx
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[Ch6- Page 8] Calculus Il Double Integrals over General Regions

Example [6] Write and evaluate an equivalent reversed order of integral:
2 x+2 12—y
a) I j dydx b) I xy dxdy
-1 x2 0y
| Solution
2 x+2 \ ; dy ax /
Solution : a) deydx First , sketch the region of integration e i L_Hz
2 \

-1 x y:4

1. +Jy— 4 +\/37

. 4
= j dxdy +J. J. dxdy ZJ(X )[gdy +I(X )Efdy \
.0 _\/; 1 y-2 0 1
L 4 \/
(zﬁ)dy +J‘(\/)7—y +2)dy j ‘ y=1_
) | ) y . | " >«
1

1 2
:( 1/y3j +(§«/y3—y?+2yJ —45 < Ans.
0

2=y
Solution : b) J‘ xy dxdy . First, sketch the region of integration

b g DK / \/dydx
\

0.8+

W

S ey —

0.6+

x=Jy x=2-Jy

0.4+

024

o

1 x? 2 (2x)

)
= J‘xy dydx +J. I xy dydx
K 1 0

00
]o 2 r 2
= (x y—j dx +J.[x y—J
; 2 2
0 1

x?2 (2—x )2

dx =%j(x5)dx +%j‘(x (2-x)"Jax

0 0

1
1(x° 1 5 217 1
| +—=—((2= 2-5 === < Ans.
2(6}0 w023 x(2-5)) =55+ 5 =3 "
Quiz 1 : Evaluate the integral:
. se2 4o
a) I I 4cos (x* )dxdy b) _H ~dydx c) I _[ — dxdy
' - 0d3x 1+y 040 X
Yy
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[Ch6- Page 9] Calculus Il Double Integrals over General Regions

Evaluate by using the polar integral:

L 2 i1y
a) J.j y dydx b) I j xxz ii > dydx
0o
00

Solution

2 x
Solution : a) J.J- v dydx

First, sketch the region of integration
x=2 = rcos@ =2 = r =2sect

L T e2secd
4 .
= jjy dydx = -L L (rsm 6’)(rdrd0) s} rdrdo

00 e /
% 2sec O % r3 2sec 6
J‘ J. r*sinOdrd @ = J‘ — sin 0d 0 T
o\ 3 . :
8 3
=— sec Osin6d o
3Jo
L4 2 ol
:§J‘ *sec?0tan 0d 0 _Blwn o)) _4 < Ans.
3Jo 31 2, 3
2 o1 1) ) x=2
Solution : b) J- I %dydx
060 X" +y \/72
First , sketch the region of integration e /y_ 10
y =ql1-(x —1)2:>y2+(x —1)2—1:0 1 rdrdo
= y>+x>=2x = r’=2rcos@ =r =2cos 0 oo
2cos 0
:J' J‘ (rcos@trszn 49]( g dﬁ) oal
0 r 0.24 y= 0
T T 6
E Jcos E 26050 ! 015 1 1}5
I J. cos¢9+sm0 drd 0 = j (cos0+sin 6’)dt9 ' '
0
:j (200S 9)(cos6?+sin9 Iz c0s26’+c0s Osin 0)dl9
0
. .2 5
5 l 0+Sll’l2l9 Jrsm 0 =7r+2 — Ans.
2 2 2 A 2

Quiz 2 : Evaluate by using the polar integral:

1 00 3 @f3x N —
[.2 1 y

a) I J- yx +y —dxdy  b) J- J‘ ————=dydx ¢) J‘ J. ln(1+x2+y2) dxdy
—1d - \fiy? 1+x? +y 040 1/x2+y2 —1d 1oy
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[Ch6- Page 10] Calculus I Double Integrals over General Regions

Example [8] Find the volume of the solid whose base is the region in the xy-plane that is
bounded by the parabola y =4-x?* and the line y =3x while the top of the

solid is bounded by the plane z=x+4.

| Solution

Solution : First, sketch the region of integration in xy-plane

dy dx
Method (1) : The strip L x-axis (dydx) , 5: (1.3)
S 1 i SN i
:J- I (x +4)dydx :I (x +4)y[,~ dx e ;
—4 o 3x -4 x / ;
1 ! k: dx dy
=j (x +4)(4—x2—3x)dx :I (x +4)(4—x2—3x)dx o
- 4 o
7, 1., \ o
=|16x —4x? ——x’ ——x"* (-4,-12) e )
3 4 ), o
LE "< Ans.
12
Method (2) : The strip L y-axis (dxdy)
3 y? PR
=j J. (x +4)dxdy +J J (x +4)dxdy
—12d iy 3 J-fiy
e B e Ja-y
=I (—x2+4x] dy +I (—x2+4xj dy
4\2 Nr=n 3\ 2 W=
= i’ < Ans.
12
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[Ch6- Page 11] Calculus I Double Integrals over General Regions

Quiz 1 : Evaluate the integral:

12 12
Class A) J‘J-—Ssin (x 2)a’xa’y Class B) J.J‘4cos (x 2)a’xdy

02y 02y

12

Solution : Class A) Ij—&vin (xz)dxdy

02y
First, sketch the region of integration
L2 dydx
x=0 \ xX=2
—8sm( dxdy I j —8sm )dydx ol
02y
2 x 2 4 y=1
. = ) X
:. 0 ~8sin (xz)(y )‘02 dx 2-[0 —8sin (xz)(E—Ode 1 veay
= —4x sin (x 2 )d I ( —2x sin (x : ))dx P> ey
J yoo® : 0
=2(cos X 2))2 2(c0s —cos (02 ))
=2cos (4)-2 <Ans.
2
Solution : Class B) j j 4cos (xz)dxdy
02 y
First, sketych the region of integration
L2 7 dydx
J. 4cos( dxdy I I 4cos )dydx T: ’ 1 o
02y
.2 gLy
X
:. 0 4cos( ) ‘ a’x J‘ 4cos )[E—Ojdx 1 2y
= [ 22x cos (x z )dx / axly
Jo y=0 05 1 15
:<sin (x : ))2 =sin (22 )—sin (02)
< Ans.

=sin (4)
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[Ch6- Page 12] Calculus Il Triple Integrals in rectangular Coordinates

o X=h @z=hy(x) @y =f,(x .z

I,= dxdydz
e i) Jrmgp )
sv=d pz=h,(y) px=2,(y .,z

;- e,
y=c dz=hy] Jx=gy(y 2|
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[Ch6- Page 13] Calculus Il Triple Integrals in rectangular Coordinates

Example 9 : Write six different iterated triple integrals for the volume of the tetrahedron cut from the
first octant by the plane 6x +3y +2z =6, and evaluate one of the integrals.

Solution : Sketch and find intersection points

zZ
Pl @2-2x @ @
1= j dzdydx dz

0 Jo
.2 2-y o 6—6x -3y

I,= j ’ dzdxdy

J0dO Jo

6-6x -2z Line 3x+z=3
el @3-3x @

I,= ' dydzdx
J00 J0
3—z 6-6x -2z
3 3
1,= J. dydxdz
JOdO 0
6-2z 6-3y-2z
"5 6

I,= j dxdydz ¥
J0JoO 0

) W63 63y-2z )
2 6 o

I,= I dxdzdy

J0dO 0 //

Plane 6x+3y+2z=6

Line 3y+2z=6

V211212:I3:14215216:1 AC/ Line 3x+y=2 CAns,

Example 10 : Find the volume of the a solid bounded below z =2 and above by paraboloid

2

z=6-x"-y

Solution : Sketch and find region in xy-plane
_ 2,2
2177 = bmxoy=2 paraboloid
= x’+y’=4 (region R inxy-plane) /z 2

2 +W 6-x?-y? .
V =.[ I j dzdxdy ]
) _W 2 54
2 +\W 47
V=J‘ J. 4—x°—y?*)dxdy z 3
5 —\/‘? ( )
we can used the polar integral

e27r @2
V= I (4-r?)rdrd 0 e

0

27 2 circle region
I(4r—r3)drdl9 I !

Jo Jo x2+y2:43r

@2 7"4 2
Vo= 21— | do
Jo 4 o

27

V= (4)d0=8x < Ans.

Jo
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[Ch6- Page 14] Calculus Il Triple Integrals in rectangular Coordinates

Example 11 : Write six different iterated triple integrals for the volume of the region in first octant
bounded by the planes x +y =1 and y +2z =1, and evaluate the volume .

Solution : Sketch and find intersection points

o z
z,=z, = l-x :Ty = y=2x ‘I
el p2-2z @l
I = j J dxdydz /
Jodo 0
= Plane x+z=1 Plane y+2z=2
1= ’ J. dxdzdy
J0OdO 0
el @l—z @2-2z
I,= J. dydxdz
J0JO 0
el @l-x @22z
1,= I dydzdx
J0JO 0 ~ N
el 2 2y 1 @2x @l-x / y
I,= J : dzdydx +j I I dzdydx /
Jodaxdo 0do Jo X
) 'yf 2_Ty 2pl plx
I = j dzdxdy +I J‘ I dzdxdy
Jodo Jo 0d2LJo
2
2
V211212=13:I4215:16=§ < Ans.
Z zZ
4
1
Plane x+z=1
Plane y+2z=2
////
///// \.\
//// y i // ! \‘\ y
K// \ .L// \\
X Line y=2x X Line y=2x \\\\&
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[Ch6- Page 15] Calculus Il

Triple Integrals in rectangular Coordinates

Example 12: Evaluate the integral:

2 px pdx? » 2
I .[ I Mdzdydx
0J0 J0 4-z

Solution : We cannot solve this triple integral by direct method. Therefore, we will sketched and find

suitable region for the triple integral.
J‘z"'x"‘4xzsin(2z)
0do Jo 4-—z
Method

2
I I j $122) poed:
B j Sm(2
J0dO

4—z

dzdydx

(v )] dxdz

M ethod

= szn 2Z
j j '[ dxdydz
B J' sin(2z )
Jv0 o0

4—z
_.OJ'O

Sm(2z) ( Jis - y)dydz
B '4Sin(22) yzj
= /Ay e

4—z
J0 4_Z 2

(x )\y dydz

:_Tl(cos (22 ))E :i(l —cos (8))

y=x

< Ans.

L [fsin(ez)(42)
Sl

(4—2) 2

< Ans.
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[Ch6- Page 16] Calculus I Refrence

Calculus, Eighth Edition James Stewart Page 1077

Link : https://www.amazon.com/Calculus-MindTap-Course-James-Stewart-ebook-dp-
BOOYHKU50E/dp/BOOYHKUS50E/ref=mt other? encoding=UTF8&me=&qid=
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Chapter Seven

Differential Equation
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[Ch7- Page 1] Calculus I Differential Equation

1- Differential Equation

A differential equation is an equation involving an unknown function and its derivatives. A
differential equation is an ordinary differential equation (ODE) if the unknown function
depends on only one independent variable. If the unknown function depends on two or more
independent variables, the differential equation is a partial differential equation (PDE).

Order : is the highest derivative in the D.E. Degree : is the highest exponent of an order.

Example: The following are differential equations involving the unknown function y.

dl =9x -4
dx
2 2
e’ d—y2 +2 (dlj =1
dx dx
3 7 2
4d J; +sinx [dlj +y3(dl) =5x
dx dx dx
2 2
9y 497 _g
ot ox
Expression Used to represent
d . -
Y ﬁ First derivative
2
y" i, 2 Second derivative
X
3
y" ii, 2 Third derivative
X
4
y? il; y4 Forth derivative
X
y™ C; u nth derivative
X

(First derivative)™

5 9
(y®)° (fi ); j (Fifth derivative)®
X
(y™)m (i, u ] (nth derivative)™
X
d’ Fifth derivative
9\(5) 9
v dxs(y ) (function)™
d" nth derivative
m (n) m
") VY ) (function)™
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2- First Order Differential Equations

Standard form for a First-order differential equation in the unknown function y(x) is:
y'=f(x.)
First Order Differential Equation Types:

Separable Equations
Homogeneous Equations
Exact Equations

Linear Equations
Bernoulli Equations

s W

2.1- Separable Differential Equations

1- Write the equation in the form :
A(x)dx +B(y )dy =0
2- Integrate A(x) with respect to xand B()) with respect to y'to obtain an
equation that relates y and x .

Example 1 : Solve differential equations

(a) y(1+x2)dy =dx (b) dx +xydy +y’dx +ydy =0
(C) ldx —izdy =0 (d) dl:e3x+2y -4
y y dx
(e) e"™dy —e’ dx =0 ) (v Iny )dx +(1+x2)dy 0 y(0)=e

Solution : (a) y (1+x2)dy =dx

y (1+x2)dy =dx

dx
dy =
e l+x?
dx
l+x? ~ydy =0

2
j ! > dx —J.ydy =C = tanx -2 =C < Ans.
I+x 2
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Solution : (b) dx +xydy +y’dx +ydy =0

Solution : (c) ldx —dey =0
Yy Y

iabc —dey =0 = ldx :dey = labc :dey
y y y y X y
labc —ldy =0
X y
1 1
—dx — | —dy =C = Inx —lny =C
X y
y=Cx < Ans.

Solution : (d) dl:e”*zy +4
dx
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First Order Differential Equations

Solution : (e) e*"*dy —e” dx =0
e dy —e’ dx =0

dl _ eyfzx

dx ex+2y
dl:e(y—2x)—(x+2y) —
dx

dl:e_y_“ey =
dx

— dx +e’dy =0

I—e*’%lx +J‘eydy =C

—3x

+e’ =C

e—3x
=Iln|C -
onles]

Solution : (f) (y In y )dx +(1+x2)dy =0 y(0)=e
(y lny)dx +(1+x2)dy =0

(y Iny )dx :—(1+x2)dy

1 1

dx + dy =0

(1+x) " (yiny)

dl (y -2y )—(x +2x )

=e

dx
dy =edx

< Ans.

1 1 1 _
J‘mdx +Imdy =C = tan (x)+ln(lny)—C

y(O)ze =

tan_l(x)+ln (lny)=

tan_1(0)+ln (lne):C
0+ln(1):C = C=0
0

< Ans.

H.W 1 : Solve differential equations

2x +
e y

@) 2 -

(c) x%y %=(1+x)cscy

e’

(b) J1+(y") =ky

(d) xe’dy + -

(e) x (2y —3)dx +(1+x2)dy =0

(k is constant)

2

dx =0
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First Order Differential Equations

2.2- Homogenous Differential Equations

Certain first order differential equations are not of the ‘variable-separable’ type, but

can be made separable by changing the variable.

An equation of the form

dy

N (x,p)===M(x.,y)

dx

Where N and M are functions of both x and y of the same degree throughout, is

said to be Homogeneous in y and X.

Q:F(Lj
dx X
or
d_x:F(ij
dy y
Letv=Y = y =xv
X
Yoy
dx dx
-.-"l_F(Lj:F(v)
dx X
v
v+x—=F{(v
—=F()
d—x+ dv =0
x v-F(v)

A first order differential equation is Homogenous if it can be putin the form:

Let u=— = X =yu
y

dx _, . du

dy 7 dy

dx X

s—=F|=—|=F

dy (yj )

u+y%‘= (u)

'dl+ du =0
y u—F(u)
J'dl du _c
y u—F(u)
du

J.u—F(u)_C_ln|y|
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X X X,y

2. Make the substitution v =2~
X
3. Rewrite M into the form F (Lj =F(v).
N (x,y) x
4. Solve Id—v=C —In |x|
v—F@)

5. Rewrite the solution into the form of xand y (v = L).

Note:

M (x,
If the form of a Homogenous (F-ODE) is x =M, the steps are:

dy N(x,y)

Rewrite N(x,J’)Zl=M (x,») into the form Z—xz%
x y X,y

=

2. Make the substitution u = > .
y

3. Rewrite M into the formF(iJ =F(u).
N (x,y ) y

du
u —F(u)

5. Rewrite the solution into the form of xand y (u =

4, Solvej =C —Inly|

x).

y

Example 2 : Solve differential equations

dx d dx d
(a) i (b) = =—"—
X—-y x4y Xy X +y
v
(c)dl= 2dx - (d) [xe" +y]dx —xdy =0
Xy x4y

(e) [x sin (?j — cos [%Ddx +(x cos (%Ddy =0 ,y(2)=x

dy 4x +6y +1 dy
® dx  2x -3y ® dx

_x+y =2
x—y+3
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Solution : (a) dx :dL
X =y X +y

Solution : (b)di: zdy >
Xy X" +y
dc __ dy
xy x4y’
2 2 2 2
XAy _dy o Ay _x Y
Xy dx dx xy xy
dy _x .y
dx y x
Let v=2_ :>F(v)——+v
X v
JE e o [E ]
X v-F(v) X (1 )
v —|—+v
%
2
2)
2
J‘di—-.‘vdv:C = Inx -—=C = Inx —~X2 =C
x 2 2
y =fx2lnx +C, (C,=2C) < Ans.
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Solution : (c) dl: zdx >

xy X +y
dy __ax
xy x2+y2

2 2 2
xty” _dv - By
xy  dy dy xy xy
e _x y
dy y x

2
x
. ;)
J‘——J.udu = Iny -——=C = Zny—T:C

2lny - ( j:2C < Ans.
y

J

Solution : (d) (xex +y de —-xdy =0

y
x x Y
d _xerty & _xe' |y dy y

¥
xe* +y |dx —xdy =0 =
dx X dx X b dx b

Y
=L S F +
(v) e’ +v

+L GE
|

y=-x ln(C—ln x)) < Ans.
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First Order Differential Equations

dx +

Solution : (e) (x sin (y j y cos (X
X X
xsm( j Yy cos (y) xcos( j
X
X cos (j X cos (yj X cos (y ]
X X

Y

X
tan(ij Ja’x+dy 0 :dlzlﬂan(ij
X dx x X

dy =0+ xcos(

=F((v)=v+tan(v)

><|\< ><|\<

Idx I
jxi—_[coz(v)dv:c -

b% (2)27[ = 7 =2sin""' (%j =

Inx —In (Sin (v )):C

Cc=2

Solution : (f) dy _dx +6y +1
dx 2x =3y

J.Cil+.'.v —(v f‘;an(v ))

Ddx +[xcos(xjjdy 0 ,y(2)=r

=C

= y =xsin” (ﬁ)
C

< Ans.
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First Order Differential Equations

Solution : (g) d _xty-2
dx

x -y +3

H.W 2 : Solve differential equations

(@) dl_\/xz—i-yz—x
dx y

(©) (x2+y2)dy —y%dx =0

dy 2x -
() H==22
dx x =2y
d X +
@ -=——
X x-y+2

;Y (1+ln(y)—ln (x ))

O = o) i (+))

(b)lezy o fx2+y?
X

y _ X
@&-_£=¢
dx e’ +e”

d
() xﬁ—y =yx’-y’

dy 5x =3y +7
() L2 V77
dx 5x -3y +1
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2.3- Exact Differential Equations

A first order differential equation is Exact if it can be put in the form:

M (x,y )dx +N (x,y )dy =0 (4)
or
S i+ gy -
6xdx+8y dy =0 (5)
R A
"M_ax , ..N—ay
And having the property that
oM _oN
oy Ox

1. Rewrite the equation in the form:
M (x,y )dx +N (x,y )dy =0

2. Integrate M (x,y )with respect to x, writing the constant of integration
as k (y)

f(x,p)= I M (x,y)dx +k(y) (6)

Yy constant

3. Differentiate with respect to y, and set result equal N(x,y)to find
k'(y)

N(x,y)=$ J‘ M (x,p)dx |+k'(y)

y constant

4. Integrate to find k(y) and substituted in Eq.(6), then writing the

solution of exact equation as

General Solution

R = I M(x,y)dx K = I (N—%de="-N(O,y)dy

y —constant X —constant
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Example 3 : Solve differential equations
(a) 2xydx +(l +x° )dy =0

(b) (y2 —l)dx +(siny —2xy )dy =0

(©) (ex +In (y)%jdx {%m (x ) +sin (v )jdy =0

(d) (x +\/1+y2)dx —{y —\/%de =0
y

Solution : (a) 2xydx +(1+x2)dy =0

Solution : (b) (y2 —1)dx +(Siny —2xy )dy =0
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]dx +(£+zn (x )+ sin (v )jdy ~0

y

=<

Solution : (c) (e" +in(y)+

M =ex+ln(y)+1 & N =£+ln(x)+sin(y)
X

Y
aﬂ:i+l & ai=l+l (- exact)
dy oy x Xy X
f(x,y): J. (ex +ln(y)+xjdx +k(y)
X

y constant

f(x,y)zex +x ln(y)+yln(x)+k(y)

N g = iJrln(x)Jrsin(y)=x—+ln()c)+k'(y) = k'(y)=sin(y)
oy y y
.'.k(y)z—cos(y)
et +x ln(y)+y ln(x)—cos(y)zC < Ans.
Solution : (d) (x +«/1+y2)dx —[y 4 = ]dy =0
I+y
M =x +1+y° & N =y - Xy
w/l+y2
oM y ON y
=— & =— .. Exact
y \/1+y2 ox \/1_,_),2 ( )
2
R = J. M dx = I (x+\/1+y2)dx:x7+x«/1+y2
y —cons tant y —cons tant
OR Xy

o iyt
K = j [N—%jdyz j (y_ﬁ?yz_[wfyzﬁdy _[ ydyzyz_z

X —cons tant Xx —cons tant x —cons tant

2 2

R+K=C = %+x,/1+y2+y7=c < Ans.

H.W 3 : Solve differential equation

(a) (e" +in(y ))dx +(;—+1de =0,y (ln (2)):1

2

(b) (Pj:xz -2y jdx +(2y tan”" (x )—2x +sinh (y ))dy =0

() (x +\/1+y2)dx —[y —\/%de =0

() (sm (x ) +tan™ @—Ddx —(y —In (\/;Ty2 ))dy )
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First Order Differential Equations

2.3.1 Integration factor

oM ON
_¢_

It can be shown that every nonexact (
dy ox

j differential equation, can be made exact

by multiplying both sides by a suitable integrating factor I (x,y )

I(x,y)M (x,y)dx +I (x,y )N (x,y )dy =0

Condition Integrating factor

1 (s, ) eli

I (x,y ):e—fh(y)dy

1

xg(xy) I(x,y):w

Example 4 : Solve differential equations

(a) ydx —xdy =0

(b) (x +3y )dx +xdy =0

(c) 2xy’dx +3x°ydy =0

Solution : (a) ydx —xdy =0

M=y & N =-x %:1 @=—1 (- nonexact)
y ox
1 (oM ©ON 1
| AT =—/(1-(-1))=—=
L P R
2
I —ef (x )dx =ej—;dx B 12
X
Integtation factor | :x—2
(IM)dx +(IN)dy =0 = (%de +(__J &y =0
X X
a(éM):Lz & a(aIN):Lz (- exact)
y X X X

R= j M (x,y)dx

¥ —cons tant y —cons tant

K:IN*(O,y)dy =C,

R+K =C =

< Ans.
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First Order Differential Equations

Solution : (b) (x +3y )dx +xdy =0

M=x+3y & N =x

oM =3 & oN. =1

oy ox

Integtation factor I =x*

(IM )dx +(IN )dy =0 =

M:?vcz & a(]N)=3x2
oy ox

J. (x3+3x2y )dx +k(y)

y constant

IN =—>— = x°=x"+k'(y
z )
k(y):C1
4 4
—+x’y +C, =C —+x’y =C,

Solution : (c) 2xy *dx +3x’ydy =0
2xy 2dx +3x°ydy =0

M =2xy° N =3x°y

oM ON

—=4 —=6

oy w ox Y

1 (oM ON 1 =

1 (oM ON 1 -1

ﬁ[ oy ox J=2xy2(4xy—6xy)=—=h(y)

M=yf(xy) and N:xg(xy)

Integtation factorl =y

5(1M)26xy2 < O(IN)
oy ox

R = I IM dx = I (2xy3)dx:x2y3

y —cons tant y —cons tant

( nonexact)

(x3+3x2y )dx +x°dy =0

( exact )

< Ans.

(- nonexact )

(IM )dx +(IN )dy =0

[ :ej.g(x)dx :L2
x3
I _e_Ih(y)dy :y
1 -1

=

R
oy

xM —yN :)czy2
2xy dx +3x%y’dy =0

( exact )

=3x2y2

I e I O B o I

X —constant X —cons tant

R+K =C =

x’y*+C,=C=>x’y’=C,

X —constant

< Ans.
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2.4- Linear First-Order Differential Equations

A differential equation that can be written in the form:

D 1P (x)y =0 (x) o)

Where P (x)and Q (x)are functions of x, is called a linear first order equation

Note: We can be written a linear first order equation in the form:

P)x=e ()

1. Rewrite the equation in standard form :
d
%+P(x)y =0 (x)
2. Find p(x)
p(x)=eIP(x)dx
3. Find y (x)
ol
X)=—— X X )dx
e L

Example 5 : Solve differential equations
(a) dl—ly =5* (b)xdl+y =3
dx x dx

(c) cosh (x)cdl%+sinh (x)y =e™ (d) (1+x)%+2y =x .y (0)=1

Solution : (a) dl—ly =x?
dx x
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Solution : (b) x dl+y =X
dx

—X

Solution : (c) cosh (x )Zl +sinh (x )y =e
x

—X

cosh (x)dl+sinh (x )y =e

dx
e e () om0
%H‘anh(x)y e sech(x)

P(x):tanh(x) & Q(x):e’xsech(x)

p(x)=e [Pl _ Junheyds _mfeon) _ o (x)
r()= s [t
y(x)=— o J' cosh (x e sech (x )dx
o] R ) o)
2
y(x)= if ;12 < Ans.
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Solution : (d) (1+x)jl+2y =x ,y(0)=1
X

dy
1+x )2 42y =
(+x)dx+y X

dy 2 X
dex l1+x 1+x
2 X
P =— & =
(x) 1+x Q(x) 1+x

2 3 2 3
(362+x3j+c (02+03j+C
y(x): 2 = 1 2 = C=0
(I+x) (1+0)
x V(1 «x
_ I x Ans.
»(x) (l+xj (2+3] < Ans
H.W 5: Solve differential equations
(a)x%+3y =Si’;—(2x) (b) e*’dx +2(xe2y —y)dy =0
(c) (l+y2)dx +(1+2xy )dy =0 (d) (x —1)351+4(x —l)Zy =x +1
X
d’y d d
(e)xﬁ+£:x2 (f)x%+2y =1+x?, y(1)=1
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First Order Differential Equations

2.5- Bernoulli Equations

A Bernoulli differential equation has the form:

y'+P(x)y =Q (x)y"

Where n is a real number. The substitution

z :yl—n
y'+P(x)y =0 (x)y"

Y iP(x)— =0 (x)

" y
’
Let z= 1_1 d—z=(1—n)yn
y dx y
1 dz
(l_n)EJr (x)z =0 (x)
dz

1. Rewrite the equation in standard form :

X

E P (x): =Q"(x)

Z—z+(1—n)P (x)z =(1-n)0 (x)

Where P*(x):(l—n)P(x) s
2. Find p(x)
p(x)=ej‘p*(x)dx
3. Find y (x)
1
O L A
Then

Q" (x)=(1-m)Q (x)
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Example 6 : Solve differential equations

d d d 1 cos X
(a) y Zo+y? =x (b) L+Z =y (©) -y =y
dx dx x dx x X

Solution : (a) » dl+y2 =X
dx

(o) 22—y
dx x

Solution :
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Solution : (c) dl—ly LR
dx x

Lol ) )

—J (3COSXJ %(3Sinx +C)
X

:$(3smx +C)

=3sinx +C < Ans.

H.W 6: Solve differential equations

(a) 2y —3fllzy4e3" (e) (x2 +x)a’y=(x5 +3xy +3y)dx
X

(b) xdy + By —x>y*)dx =0 ) y'+2y'=4x

(©) (x—2y)dy+ ydx=0 () 4y(»)’y" =) +3

(d) (sin® x — y)dx — tan xdy = 0
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3- Second Order Linear Homogeneous Equations

The linear equation
d’y
dx?

is called second order linear homogenous equation

D is called a linear differential operator

The equation

= (D*+2aD+b)y =0

r*+2ar+b=0
is the characteristic equation of the equation
d’ d
—);+2al+by =0
dx dx
d’ d
Solution of J: +2a l+by =0
dx X
Roots of r*+2ar +b =0 Solution
1,1, real and unequal y=C, e +C,e™
1,1, real and equal y=(C, x+C,)e
r,,r, complex conjugate , o + i y = e” (C, cos Bx +C,sin Bx)

Example 11 : Solve differential equation

(@) y"+2y'=0 (b) y"—4y'+4y =0 () y"-2y'+4y =0

Solution: (a) y"+2y'=0

y"+2y'=0

(D*+2D)y =0

(r2+2r):0

r(r+2)=0

an=0& r,=-2 (r& r, real and unequal )

y=C,e” +C,e™ = y=C, +C,e™ < Ans.

Solution : (b) y"—4y'+4y =0

nrn=r,=2 (n&r, redl and equal )

y=(C, x+C,))e” = y=C +C,e™ < Ans.
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Solution: (c) y"—2y'+4y =0

y"=2y'+4y =0
(D?-2D +4)y =0

(r*—2r+4)=0
—(=2)£4/(-2) - 4x1x4
e
7 —1+:3 i (’”1& r, complex conjugate)
azl,ﬂ:\/g
y =e" (C,cos fx +C,sin fx) = y =e’ (Clcos Bx +C, sin x/gx) < Ans.

H.W 5 : Solve differential equation
(@) y"-9y =0 y(ln2)=1,y'(In2
(b) 4y"+12y"'+9y =0 (0)=0 0)=1
() y"—6y'+10y =0  y(0)=7,
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4- Second Order Linear Nonhomogeneous DE

If, the linear equation F (x )#0

dzy
dx*

dy
2a—+by =F
+ adx+y (x)

is called second order linear nonhomogeneous equation

The general solution of the nonhomogeneous equation is

y :yh +yp
W here
v, =homogeneous solution

Y ,=particular solution

4.1- Method of Variation of Parameters

Steps of solution second order linear nonhomogeneous equation by variation of
parameters method:

1. Find y,=C, yl(X)+Cz J’2(x)

2. Calculate
W= yyll, ;V:, =70V V,
W1=I[(Ox) yy;, ==y, f (x)
W ffx)=+y1f(x)

3. Find u,and u,

uI:J‘%dx , uzz‘[%dx

4. Write the particular solution as [y, =u,y, +u,y, |

5. Write the general solutionas [y =y, +y, ]
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r Linear Nonhomogeneous DE

Example 1 : Solve differential equation

(@ y"-y =e"

(b) y"—y'=e"cos x

(c) y"+y =secx tanx

Solution: (a) y"—y =e"

y”_y :ex
First, find y,
(D*-1)y =0
r’=1=0 = r=1 & r=-1
y=C e +C,e"
u =e , U, =e " , F(x)=¢
u'=e* , u,=—e"
u u X =X
D = 1, 2, = D = € ¢ =—¢'et e =-1-1=-2
u' u, et e’
—u, F(x et 1
v/ =—1 ( ):> = ° - =v, =2 +C,
D -2 2 2
u, F(x Te" 1 1
v)=- ( ):> vz,:ee =——e”  =v,=C,——e"
D -2 2 4
Yy =y tv, u,
= Lic | +|C —lez" e’ where C, =C 1
y 5 I 27y 3 1T
1 X X —X
y =Exe +Ce" +Cpe < Ans.
Solution: (b) y"—y '=e" cos x
y"—y'=e"cosx
First, find y,
(D*-D)y =0
P -r=0 =r(r-1)=0 =r=0 & n=1
y=C+C,e
u, =1 , u,=e , F(x)=e"cosx
wu'=0 , u,=e
u, u 1 e
D = 1, 2, D= “l=er -0 =D =e"
u u, 0 e
—u, F(x —e" xe* 1
v/= 2 ( ):> vl’=w=—excosx =v,=C,——¢" (Cosx +Sinx)
D e 2
u, F(x Ixe”
V)= D( ) = V2'=—xe SOSX =COS X =V, =C, +sinx
e
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y =(Cl —%e" (cos x +sinx )j><l+(C2 +sinx ) xe"

y=C +C,e" +%e" (cos x —sinx ) < Ans.
Solution : (c) y"+y =secx tanx

y"+y =secx tanx

First, find y,

y'+y =0

(D*+1)y =0

P +1=0 = r=%i (¢=0,5=0)

y =C, cosx +C, sinx

Uy = COSX , uy=sinx , F(x)=secx tanx
.o . r_
sou/=—sinx , U =COSX
U, u, cosx  sinx 5 .
D=6 " = D= =cos’x —(—sin’x) = D=1
u' u —sinx  cosx
, —u, F(x) ,  —sinx xsecx tanx )
Vv =—= v, = =—tan x =v, =x —tanx +C,
D 1
, u F(x) ,  COSX Xsecx tanx
V==l = )= = tanx =v, =Inlsecx|+C,
D |
y =(x —tanx +C, )xcosx +(Inlsecx|+C, )xsinx (C,=C,-1)
y = x cosx +sinx Infsecx|+C, cosx +C,sinx < Ans.

H.W 6 : Solve differential equation
(@) y"+y =cscx
(b) y"+y =cot x
(€) y"-y'=e" +e
(d) y"-4y'-5y =e* +4
(e) y"+y =sec’x

X
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4.2- Method of Undetermined Coefficients

2. Find y,

3. Find y,

4. Write the general solutionas [y =y, +y, ]

et k #r and k #r, Ae™
k=rork-=r Axe™
k=1 and k =r, Ax’e™
sin kx ,cos kx k #r,and k #r, B cos kx +C sin kx
k=r,and k =r, Bx cos kx +Cx sin kx
ax’ +bx +c O0#r and 0+, Dx*>+FEx +F
0=r 0r 0=r, Dx’ +Ex® + Fx
0=r,and 0=r, Dx* +Ex* +Fx’

Example 7 : Solve differential equation

(@) y"—y =" +x’ (b) y"—y'—6y =™ —Tcos x

Solution: (a) y"—y =e* +x°’

y'—y =e" +x°

First, findy,

y'=y =0

(D*-1)y =0

rP-1=0 = =1 & nr=-1
y=Ce +C,e™"

Second, findy ,

v F(x) =€, k=1=r, = .'.(yp)lexex

1

cF(x),=x*, n&n=20 = - (y,) =Bx’+Cx +D
P )

2
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v =)+ (),
y,=Axe’ +Bx*+Cx +D

y,=4 (xex +ex)+2Bx +C
yy=A(xe +2")+2B =Axe" +24e" +2B
y,—y,=¢e +x°
(Axex +24e" +2B)—(Axe" +Bx*+Cx +D)=ex +x°
24e" —Bx*-Cx +2B —-D =¢" +x°

1

24e" =e" = A=—
2
—Bx’=x"’ = B =-1
—Cx =0x = C=0
2B-D =0 = D=2B=-2
1 x 2
ypzzxe -x"=2
y=y,ty, = y=C e +C, e_x+%xe" —x?=2 < Ans.

Solution : (b) y"—y'—6y =e™ —7cos x
y"—y'—=6y =e* —Tcos x
First, find y,
(D*-D-6)y =0
P -r—6=0 = (r=3)(r+2)=0 = =3 & nr=-2
y=C, e +C, e
Second,, find y ,
Vv F(x) =€ . k=-1 (5&n+k) = .'.(yp)1=Ae_"
'.'F(x)2=cosx . k=1 (5&n+k) = .'.(yp)2=Bcosx+CSinx
yp:(yp)lJr(yp)2 = y,=Ae”" +Bcosx +Csinx
y,=-Ae”" —Bsinx +Ccos x
y,=Ae”" —Bcosx —Csinx
vy, -y, —6y,=e" —Tcosx
(Ae’)r —Bcosx—Csinx)—(—Ae’x—Bsinx +Ccosx)—6(Ae”‘+Bcosx +Csinx):e”‘—7cosx

(I+1-6)4e™ +(—B —C —6B)cos x +(—C +B —6C )sinx =e™* —7cos x

Mr. Munther 2020-2021



[Ch7- Page 29] Calculus Il Second Order Linear Nonhomogeneous DE

L _dde™ = N _ 1
4
" —(7B +C)cosx =—Tcos x = 1B+C =7 .. (1)
(B —7C)sinx =0sin x = B-7C =0 ... (2)
po® o1
50 50
: ——le”‘ +£cosx +—sinx
T TS0 50
3x -2x 1 -x 49 7 .
y=y,+y, = y=Ce" +C,e" ——e " +—cosx +%smx < Ans.

Mr. Munther 2020-2021



[Ch7- Page 30] Calculus Il

Second Order Linear Nonhomogeneous DE

Differential Equation

y"+2ay'+by =c %
v'"+2ay'=c < x
2a
p , bd -2
y"+2ay'+by =cx +d %x e ac
G 2ad —c
"+2ay' =cx +d —x?
7 Y da 4a®
y"=cx +d 5x3+ix2
6 2
y"+2ay'+by =ce™ ¢ et
k? +2ak +b
"+2ay'+by =ce™ k=rorr ¢ xet*
4 ey 2 2a+2k
y"+2ay'+by =ce"” k=r =r € x%t

y'"+2ay'+by =ccoskx k #r#n

[ zc j((b—kz)cos kx +(2ak )sinkx)
(b-k*) +(2ak )

y'+2ay'+by =ccoskx k=r=rn

sinkx

2k’

y"+k>y =ccos kx

ix sinkx
2k

y'"+2ay'+by =csinkx k #n#r,

[ zc ]((—2ak)cos kx +(b—k?)sin kx)
(b—k*) +(Q2ak )

y'"+2ay'+by =csinkx k =r, =r,

c
?cos kx

y"+k>y =csinkx

—Lx cos kx
2k

_ 2, _ 2
y"+2ay'+by =cx’ +dx +e £x2+bd 24acx+8ac 2abd3+be 2bc
_ 2
y"+2ay'=cx’ +dx +e ix3+ad zcxz 2a’e a3d +c
6a 4a 4a
yl!:cx2+dx P ix4+_x3+_x2
12 6
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